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A NOTE ON GENERALIZATIONS OF MIDPOINT 

INEQUALITY 

B.G. PACHPATTE* 

(Received 29.01.2004) 

Abstract 

In thi.s note we e.stablish two new generalizations of the midpoint inequality involving 
two functions and their second order derivatives by using a fairly elementary analysis. 

IVIathematics Subject classification (1991): 26D 15,41 A55 

Key words and phrases : Midpoint inequality, second order derivatives, integration 
by parts. Holder's inequality. 


INTRODUCTION 

The following classical inequality is well known in the literature as the midpoint 
inaiuality: 

a V 

where the mapping f:[(i,b]c: R-> R is twice differentiable on the interval (u./))and 

\Uf> 

having the second derivative bounded on [a.b) , />, ||y’'||^ = .v e{a',^)|/’'(.v)| < oo. 

Recently, Dragomir, etal. [1] haveestablished the following inequality containing 
an integral inequality (1). 

Let f: /?->/? be twice differentiable mapping on («,/>)and 

f":[a,b)-^ R is integrableon {ii,b). Then 


24 


( 1 ) 
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\ (^-")'ll/-«l 


jf{x)dx-{h-a)f 


a+h' 

C2 
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" I/ 1 ,. «■ /"ei.l"''’) 


8 ( 2 ;> + l)/> 

where —+ - = l,/ 7 >I. 
P <1 

if /"£/-,(«./>)• 


( 2 ) 


For other results related to the midpoint inequality, see Chapter XV of the book 
by Mitrinovic et al. [2] The main purpose of this note is to establish two new 
generalizations of the midpoint inequality involving two functions and their second 
order derivatives. The analysis used in the proofs is elementary and our results provide 
new estimates on inequaliiies of this type. 

STATEMENT OF RUESLTS 


Our main results are established in the following theorems. 

THEOREM 1. Let f,g: [a,^] (zR->R he twice differentiable mappings on 
{a,b). Suppose that f",g":{a,b) -> R are integrable on {a,b\ Then 


(h Y 6 r 4 . / * 

J f{x)dx J -{h-a) fir-;^)\g{x)dx + g 

k ti / V a ) a 


a + h 
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Theorem 2. Let /,^,/",g"be as in Theorem 1. Then 



ll/1L^f^1 + k1L/[^]| /if"&K{a.h), 


(b -af, 

8 (2^/ + l)<I 




where —+—= 
P ? 




PROOFS OF THEOREMS 1 AND 2 

Fomi the hypotheses and using the integration by parts formula, the following 

identities hold (See[l,/?. 26]): 

b 

\f{x)dx-{b-a)f 

a 

j g{x)dx -{b- a) J ^ 1 = j k{x)g"{x)dx ^ 

where 


n 

= j k{x)f" {x)dx ^ 



( 7 ) 
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ft h 



a a 


adding the resulting identities we have 



From (8) and using the properties of modulus we have 



We consider the following three cases, 
(i) U L^{a,b),then 



loo 


( 11 ) 
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Using (10) and (11) in (9) we get the first inequality in (3). 


(ii)If where 


— + - > U then 

P H 


||A:(.v)||/"(Ar)|^/^ <1/1J j|/r(4'dx 

\a ) 


I 

<! 


1 



Similarly, 


8 ( 2 , + !)' 

Using (12) and (13) in (9), the second inequality in (3) holds, 
(iii) If.r,g"e/(n,/)),then 

Similarly, 


( 12 ) 


(13) 


(14) 


1 ^ l.?t. ^ ^ ^ ^ 

a 

Using (14) and (15) in (9), we get the last inequality in (3). The proof of Theorem 1 is 
complete. In order to prove Theorem 2, we multiply both sides of (5) and (6) by 


S 


a+h 


and J 


^ a + h^ 


respectively and add the resulting identities to get 




6 


A NOTE ON GENERALIZATIONS OF MIDPOINT INEQUALITY 


^ ^ a ^ ^ a 

From (16) and using the properties of modulus we have 


( 16 ) 


^ a 

f{x)dx + f^ 2 ]l 

(a+b^ 

H 2 J. 



a+b\ (a+b 


g 




(17) 


The rest of the proof can be completed by following the last arguments as in the 
proof of Theorem 1 below the inquality (9). 

In concluding, we note that, in the special case, If we take g{x) = 1 and 

hence g''{x) = 0 in Theorems 1 and 2, then we get the inequality (2) which in 
turn contains the well known midpoint inaquality given in (1). 
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COMMON FIXED POINT THEOREMS FOR FOUR SELF¬ 
MAPS ON METRIC SPACES BY ALTERING DISTANCES 
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(Received 10.04.2004) 

ABSTRACT 

We obtain some common fixed point theorems for four self maps on metric spaces by alteration of 
distances using various definitions and conditions. 

Key words: Fixed point, concidencc point, partialy commuting, f-continuous, f-compatiblc, reciprocally 
continuous, altering distances. 

2000 IVIathematics subject classification : 47HI(), 54H25. 

INTRODUCTION 

We prove some fixed point theorems for four self-maps by altering distances 
using various definitions and conditions. 

F^irst we give some well-known definitions. 

Through out this paper, unless otherwise stated, R (f) is the range of/ 
DEFINITION I. (Naidu [6]) The pair {f, g) is said to be /-continuous at z if [ffxj and 
converge to fz whenever {.vj is a sequence in X such that \fxj and 
converge to c. 

DEFINITION 2. (Jessy[2]) The ordered pair (f.g) is said to be weak comptaible at r if 
{gfxj converges to fz whenever {.v^l is a sequence in X such that {fxj and {g.vj 
converge to r, and {/g.v ^} and {//Tv ^ [ converge to fz. 

DEFINITION 3, (G.Jungck [4]) The pair (fig) is said to be partially commuting at z or 
weakly compatible at z if/z = gz provided there exists w e X such that Jk’ = gw = z. 

DEFINITION 4. (Pathak and Khan [8] ) The pair (fig) is said to be f-compatible if d 
as n -> oo whenever is a sequence in A such that fiv^—> z and 
g,v _ z as n -> 00. 

DENINITION 5. {Jungck [3]) The pair (fig) is said to be compatible (also called 
asymptotically commuting by Tiwari & Singh [15] see also [1] & [14]) if 
{fgx.gfxJ-^O as n ^ 00 whenever b secjuence in X such thBt unci 

* Dept, of Applied Mathematics, Acharya N.U.P.G. Centre, Nuzvid-521201, A.P. 

** Dept. Mathematics, Narasaraopeta Engineering college, Nafsaraopet 522601, A.P. 
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z as n ^ CO. 

DEFINITION 6 . (Pant [7]) The pair (f,g) is said to be reciprocally continuous on A' if 
{fgxj converges to fz and {gA„} converge to gz whenever {xj is a sequence in X 
such that -> z and gx ^ z as n -> oo. 

DEFINITION 7. (Naidu[6]) The ordered pair if.g) is said to be weakly f-compatible at 
z if either {gfxj or {ggx^} converges to fz whenever {x^} is a sequence in X such that 
and {gxj converge to z, and {fgxJ and {fficj converge to fz. 

Naidu [6] observed the following 

REMARK 8. 

1 . If/is continuous at z, then (f.g) is /-continuous at z. 

2. If (f g) is compatible at z, then (fg) is weak compatible at z. 

3. If (/^g) is either weak compatible or f-compatible or g-compatible, then (fg,) 
is weakly/compatible at z for any z ^X. 

4- If (fg) is weakly/compatible at z, then it is partially commuting at z. 

MAIN RESULTS 

THEOREM 9. Let (X,d) be a metric space and fg, S.T: X-^Xht such that 

^(difx.gy)) < (p(max{v|/(r/(SY, Ty)) + \y(cl(fx,Sx) -f \\i{d(gy,Ty)\ j ^ 

\\f(d(fx,Sx)) + \\i{dSx,gy)), ^f(d{gy, Ty)) + \^(d{fx, 7»)}) 

for all X, >' 6 AT, where (p vp \ (p is monotonically incerasing on 9i 

(p (/+) < t for all / > 0, vp is continuous and monotonically incereasing on 91 ' and 
vp (/)=0ot=0. 

Suppose that there is a sequence {xj in X such that 

say) 

= ^ 2.,^2 (= say) for w = 0, 1, 2. 

and d (y,,, j) 0 as « oo . (9.2) 

Then {yj is a Cauchy sequence in A'. 

Further assume that converges to some z eX. 

Then the following statements are true. 

1. If M e ATand 5 m =//= M, then M = z. 
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2. If V e A” and Tv - gv - then v == z. 

3. If i'z -fz, then /z, - Sz= z. 

4. If Tz = gz, then gz Tz = z. 

5. If.S’z-z,thenyz-z. 

6 . If Tz-z, then gz = z. 

7. If (y S) is/-continuous at z and weakly f-compatible at z, then fz = z. 

8 . If (g, T) is ^-continuous at z and weakly g-compatihle at z, then gz - z, 

9. \Cz e R{S) and (f.S) is partially commuting at z, then fz = Sz- z. 

10 . If z (n and (g, T) is partially commuting at z, then gz - Tz - z. 

11. If (/.iV) is iS'-continuous at z and weakly iV-compatiab1e at z, then/z = iVz=z. 

12. If (g, T) is T’-continuous at z and weakly r-compatiable at z, then gz-Tz-z.. 

13. If {f,S) is compatible at z and reciprocally continuous at z, then fz = Sz=z. 

14. If (g, 7) is compatible at z and reciprocally continuous at z, then gz ^ Tz = z. 

15. If/z= Sz - 7z, then /z - .Sz = Tz = gz = z 

16. Ifgz - Sz - Tz. then /z - .Sz = Tzgz = z. 

17. Maps f and .S’ have a unique common fixed point, if one of the following 
statements is true. 

(i) fz-Sz. 

(ii) {f, S) is .S'-continuous at z and weakly S'-compatible at z, 

(iii) z e R (S) and (fS) is partially commuting at z, 

(iv) (J’.S) is compatible at z and reciprocally continuous at z. 

18. Maps g and Thavc a unique common fixed point, if one of the follwoing 
statements is true. 

(i) gz = Tz, 

(ii) (g, T) is 7-continuous at z and weakly T’-compatible at z, 

(iii) z e /? (7) and (g, T) is partially commuting at z. 

(iv) (g, T) is compatible at z and reciprocally continuous at z. 
z is the unique common fixed point of / and S, as well as g and T, if at 


19. 
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least one of the statements (i), (ii), (iii) and (iv) of Statement 17 and at least 
one of those of Statement 18 is true. 

20. z is the unique common fixed point of f and S, as well as g and Z! if Sz = Tz 
and at least one of the statements (i), (ii), (iii) and (iv) of statement 17 or at 
least one of those of Statement 18 is true. 

PROOF. Suppose that {>',,,} is not Cauchy. 

Then, since converges to zero, there existse > 0 and strictly increasing 

sequences {wj, of positive integers such that ^ e and 

< 6 for alU = 1,2,3. 

we have e ^ ^ d(y^„^ + + ) 

Letting/:-> oo,weget 

Jim^^(.V2„,,>’2m,) = e (9.3) 

Also and ^ 

(from (9.2), (9.3) and triangle inequality) 

From (9.1) we have 

’8^.n,.u) ^<^rrm{\\i(d(SK,_„^.Tx,„^J)+Md(fa2^,S>c,„^ 

¥(</(g-<2«, M H )) + . ^’^2.,, .1 )) 

That is 

id )). ¥(d(y2«. «>'2«. i)) + (</(:y 2,„.-py2«,*.))’ 

V(<^(>'2»pp>'2«. ))+ M>(‘/(>'2»„ ..V2,. ))1) . 

Letting oo, we get 

v|i(e) < (p(max{v}/(e) + vi/(0) + ii/(0), v|/(0) + ij/(B), \\i{0) + vi/(e)}) 
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= cp(v|/(8)) (since v|/(0) = 0). 

Since (|)(r+) < t for all t>0,'we must have v|/(e) = 0. 

Since \|/(/) = 0 => r = 0, we have 8 = 0- 

This is a contradiction. Hence I is a Cauchy sequence. 

Since ld(y^^, y^^^i)} converges to zero, it follows that is a Cauchy. 

Suppose now that {yj converges to z for some z e Jk'.From (9.1), we have 

)) ^ <P(max{v|/(</(5M, )), 

\\iidifu,Su)) + \\f(d{Su,gx,^)), 

^ 7^^2,h1 )) + ^,,+1)). 

Letting n oo, we get 

\\i{dU4,z)) < (pima\{\\i{d{iuz)) + v|/(0) + v|/(0),ij;(0) + vi;(rf(M,z)),\|/(0) + \i;(rf(M,z))}) 

(since Su =fu = u). 

Hence d {u, z) = 0. Therefore u = z. This proves (1). 

(2) Follows as in (1). 

(3) Suppose that Sz = fz. 

By taking .V = z, y = in (9.1) and letting n oowe get. 

\\i(d{fz,z)) < (p(max{v(/(J( /z,z)) + v|;(0) + v|/(0),v(/(0) + y^{d{fz,z)), 

\\j(0) + \\i{difz,z))\). 

Hence v|/(rf(/z,z)) = 0. Hence d(fz, z) = 0. Therefore fz=z. 

(4) Follows as in (3). 

(5) Suppose that Sz = z. 

By taking x = z, y = ^ in (9.1) and letting n -> oo, we get 

\\i{d{fz,z)) < (p(max{v|/(0) + \\i{difz,z)) + \\i{0),\v(difz,z)) + v|/(0), 

\|/(0) + v|/(rf(/z,z))}). 

Hence \\i(d(fz,z)) = 0. Hence d {fz,z) = 0. Therefore/z = z. 
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(6) Follows as in (5). 

(7) Suppose that {f, S) is /-continuous at z and weakly/-compatible at z. 

Since /v,^_->z, Sx,^^-^z and (/’ S) is /-continuous at z, it follows that ->/z and 
/Sv,^^ -^fz. Since (/^ 5) is weakly/-compatible at z, it follows that either .S/v,,->/z or 
'sSxl-^fz. 

Case (i): Suppose that Sfx,^^-^ fz. From (9.1) 

V|/(r/(//.v,„ )) < (p(max \\\i{(l(Sfx ,„. Iv,,,,,)) + \\f{d{ ffx.^Sfx.„ ) + 

))’ ,5/v,„)) -F \\i{d ( Sfx.,, ,,)), 

, 7:v>„,,)) -I-, 7:v,„,|)) 1), 

Letting // -> oo, we get. 

v|/(</(/z,z)) < (p(max{v|/(</(/z,z)) -f v|/(()) -I- vjy(0),v(/(0) -F v|/(^/(/z,z)), 
v|;(0)-FV|/(./(/z,z))l). 

Hence v|/(r/( /z,z)) = 0 and d{fz.z)=0, i.e. fz - z. 

Case (ii): Suppose that SSx,^~^fz. 

Then by taking .x= Sx,^, y = | in (9.1) and letting «—> oo, as in case (i) we get/i: = z 

(8) Follows as in (7). 

(9) Since z e R{S)3 fv e X such that Sw = z. 

Now by taking x = iv, v - , in (9.1) and letting /j -> oo we get 

v|/(r/(/vf,z)) < (p(max{vj/(0) + v|/(J( /iF',z)) -F i|/(0),\|/((/(/vi’,z)) + v|/(()). 

\\i{0) + \\i{d{fw,z))\). 

Hence \\i(d{fw,z)) = 0, and d {fw, z) 0 i.e. /U' = z. 

Since if.S) is the partially commuting at z and Sw -fw - z, we have fz = Sz. 

The remaining part follows from Statement (3). 

(10) Follows an in (9). 

(11) Suppose that (f, S) is 5-continuous at z and weakly 5-compatible at z. 

Since Sx,^^-^z and (f,S) is 5-continuous at z, it follows that S/x,^^ -> Sz and 
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55^->S'z. Since (f,S) is weakly 5-compatible at z, it follows that either fSx,^^-^Sz 
or —> Sz. 

Case (i): Suppose that fSx,^^-^Sz 
From (9.1), we have 

^{d(.1Sx.„,gx,„,^)) <i?{max{w(d{SSx^„,Tx,„,,)) + \\i{d{fSx,„,SSx,„)) + \Vid{gx,„,;rx,„^,)), 
\\i{d{fS,„,SSx,„)) + \\i{d{SSx,„,gx,^)), y\i(digSx,,,^^Jx,,,J)+\\i(d(JSx,^ 

Letting aj -> oo, we get. 

v|/(f/(5z,z)) < (p(max{v)/(A/(5z,z)) + V|/(0) + vj/(0),\j/(0) + V|/(r/(5z,z)), v}/(0) 

+ v}/(^(5z,z))M. 

Hence v|/(J(5z,z)) = 0, and d {Sz, z) = 0, i.e. Sz = z. 

Since Sz ~z,z e R (S). 

Since {f,S) is weakly 5-compatible at z, it follows that {f, 5') is partially commuting 
at z. Since z e R{S) and {f.S) is partially commuting at z, from Statement (9) it 
follows that fz = Sz = z. 

Case (ii) Suppose that ffx,^^-^Sz. 

Now by taking x = fx,^, r’ = in (9.1) and letting n oo, we get Sz = z. 

The rest of the proof follows as in Case (i). 

(12) Follows as in (11). 

(13) Since {f.S) is compatible, follows that d {JSx,^. Sfx,J 0 as « oo whenever 

fx,^-^z and Sx,^ ->z as /?-> oo- Since (f, 5) is reciprocally continuous at z, follows 
that fSx^^ ->fz and Sfx,^^ -> Sz. Hence from the compatibility and reciprocal continutiy 
of (J'.S) at z, we have fz = Sz. 

The remaining follows from statement (3). 

(14) Follows as in (13). 

(15) Follows from statements (3) and (6). 

(16) Follows from statements (4) and (5). 

Statements (17), (18), (19) and (20) are trivial from the above proofs. 

Now we state the following theorem, which is a corollary of Theorem 9. 
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THEOREM 10. Let (X, </) be a metric space and /, g, S, T: X -^Xhe such that 
v(/(r/( fx.g} )) < (p(max{v|/(</(Sx-, Ty)),\\/i fx,Sx)), y\ii({{gy, Ty)), 

\\i(dUxJy)),\v{diSx,gy))}) (10.1) 

for all X, y g X, where cp, vp ; (p is monotonically increasing on 

'jr *9 (/+) < t for all t > 0 , vp is continuous and montonically increasing on vp ^ and 
\j/(r) = 0 =>/ = 0. 

Suppose that there is a sequence in X such that 

= say) 

/’ say) for « = 0 , 1 , 2 ,. 

and d (y^,, y„,/) -> 0 as « oo. 

Then {y,^} is a Cauchy sequence in X. 

Further assume that converges to some z eX • 

Then statements (1) to (20) of Theorem 9 are true here also. 

REMARK 11 . Theorem 10 is a generalization of Theorem 1 of Naidu & Rajcndra 

Prasad [5], Theorem 2.1, 2.4 of Sastry et al. [13], Theorem 1 of Sastry el al. [ 10 ], 
Theorem 7 and 12 of Sastry et al. [11]. Also Theorem 2 of Rathore et al. [9] and 
Theorem 3.1 of Sastry et al. [12] are corollaries of Theorem 10. 

Finally we state a theorem which is a slight variant of Theorem 9. 

THEOREM 12 . Let {X,d) bc a metric space and / g. S, T: X such that 

\\i{d{ fx,gy) < (|)(max {\\i{d{Sx, Ty)), vp(r/(/v, Ty)),\\i(d(Sx,gy))\. 

+ \\iidifx,Sx)) + vp(</(gy, Ty))) 

for all A', y e X, where cp, \|/: -> yc , cp is monotonically increasing on 

yr»‘P (^+) ^ for all / > 0 , cp is continuous and montonically increasing on yj"^ and 
vp (t) = 0 =>/ = 0 . 

Suppose that there is s sequence in X such that 
= say) 

, (=y,,^,, say) for // = 0 , 1,2 . 





K.P.R, RAO AND N. SRINIVASA RAO 


15 


and d y,,, ,) ->• 0 as oo. 

Then {y j is a Cauchy sequence in X. 

Further, assume that {yj converges to some z ^X. 

Then the following statements are true. 

1. If« 6 -T and Su = fu. = u then u-z. 

2. l(v eX and Tv = gv - v, then v = 2 . 

3. If Sz =fz, then fz = Sz = 2 . 

4. If Tz = gz, then gz = Tz = 2 . 

5. If (/^ 5) is /-continuous at 2 and weakly /-compatible at 2 , then fz = z. 

6 . If T) is g-continuous at 2 and weakly g-compatibleat 2 , then gz = 2 . 

7. If if, S) is 5-continuous at 2 and weakly 5-compatibIe a 2 , then Sz = 2 . 

8 . If (g, T) is r.continuous at 2 and weakly T-compatile at 2 , then Tz= 2 . 

9. If (/.S) is compatible at 2 and reciprocally continuous at 2 , then fz = 52= 2 . 

10. If (g. T) is compatible a 2 and reciprocally continuous at 2 , then gz = Tz = 2 . 

11. Maps/and 5 have unique common fixed point if one of the following statements 
is true. 

(i) /z = & 

(ii) (fS) is comatible at 2 and reciprocally continuous at 2 . 

12. Mapsg and Thave unique common fixed point if one of the following statemts 
is true. 

(i) g 2 = Tz 

(ii) (g, 7) is comatible at 2 and reciprocally continuous at 2 . 

13. Z is unique common fixed point of/ and 5, as well as g and T, if at least 
one of the following statement (i) and (ii) of statement (11) and at least on of 
those of statement (12) are true. 

ACKNOLOWLEDGEMENTS: The authors express their heratfelt thanks to Prof. S. V.R. 
Naidu for his valuable suggestions in the preparation of this paper. 




16 COMMON FIXED F»OINT THEOREMS FOR FOUR SELF-MAPS ON METRIC SPACES BY ALTERING DISTANCES 


REFERENCES 

1. U.C. Gairola, S.L. Singh and S.H.M. Whitfield : fixd point theorems on product 
of compact metric space, Cemoust. Math. 28 (1995) 541-548. 

2. A. Jessy ; Studies in fixed points and quasi-guages, Ph.D, Thesis, I.l.T. Madras. 
1991. 

3. G. Jungck : Compatible mappings and common fixed points, Internat. J. Math. 
& Math. Sci. 9 (4) (1986) 771-779. 

4. G. Jungck : Common fixed points for non-continuous non-self maps on nonmetric 
spaces. Far East J. Math Sci 4 (2) (1996) 199-215. 

5. S.V.R. Naidu and J. Rajendraprasad : Common fixed points for four self-maps 
on a metric space, Indian J. Pure Appl. Math. 16(10) (1985) 1089-1103. 

6 . S.V.R. Naidu : Fixed point theorems for four self-maps on a metric space by 
altering distance, J. Indian Math. Soc. (to appear). 

7. R.P. Pant : A common fixed point theorem under a new condition, Indian J. 
Pure Appl. Math. 30 (2) (1999) 147-152. 

8 . H.K. Pathak and M.S. Khan : A comparison of various types of compatible 
maps and common fixed points, Indian J. Pure Appl. Math. 28 (4) (1997) 
477-485. 

9. M.S. Rathore, Mamata Singh, Satira Rathore and Naval Singh ; Concepts of the 
set Ea and common fixed points. Bull. Cal. Math. Soc. 94 (2002) 259-270. 

10. K.P.R. Sastry, S.V.R. Naidu, I.H.N. Rao and K.P.R. Rao : Common fixed points 
for asymptotically regular mapping, Indian. J. Pure Appl. Math. 15 (8) (1984) 849- 
854. 

11. K.P.R. Sastry, S.V.R. Naidu, I.H.N. Rao and K.P.R. Rao : Common fixed points 
under asymptotic regularity condition, Nep. Math. Sc. Rep. 9 (12) (1984) 63-71. 

12. K.P.R. Sastry, G.V.R. Babu and D. Narayana Rao: Fixed points theorems in complete 
metric space by using a continuous control function. Bull. Cal. Math. Soc. 91 (6) 
(1999) 493-502. 

13. K.P.R. Sastry, S.V.R. Naidu, G.V.R. Babu and G.A. Naidu : Generalisation of 
common fixed point theorems for weakly commuting maps by altering 
distances, Tamkang. J. Math. 31 (3) (2000) 243-250. 

14. S.L. Singh and S.N. Mishra : Remarks on recent fixed points theeems and 
applications to integral equations, Demost. Math. 34 (4) (2000) 847-857. 

15. B.M.L. Tivari and S.L. Singh : a note on recent generalizations of Jungck 
contration principle, J. UPGC Acad. Soc. 3 (1986) 13-18. 



Journal of Natural & Physical Sciences. Vol. 18 (2) (2004) 17-20 
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ABSTRACT 

The influence of electromagnetic field (EMF) of difl'erent frequencies at different distances 
from the transmission tower is discussed Human body is a dielectric and consists of complex matrices 
of electric and magnetic fields. When the body is exposed to high frequency radiation, the electric 
field is induced inside the body. It is found that the current density at the surface of skin and bone 
increase with frequency of radiation being exposed High frequency radation also produces the 
dangerous deseases as eukemia and cancer risk in childhood. 

Key works: Current density, electromagnetic field, conductivity of skin and bone 

INTRODUCTION 

Due to excessive modernization human beings are always surrounded by 
electromagnetic environment. Broadcast and communication transmitters as well as 
home appliances like induction heaters, VDU and TV sets and medical equipments 
emit EMFs of different frequencies and intensities. Though, EMFs of low frequencies 
are not so injurious but all types of high frequency EMFs affect the human body in 
many ways causing many diseases such as leukemia, brain tumor, and cancer risk in 
childhood [5,6,12]. These radiations affect the tissues, cells and skin of human body 
by induction of the electric and magnetic fields inside the body on exposure to the 
radiation. It seems well suited to predict changes in thermo- regulatory responses 
that may result from deposition of EM energy into the body and has provided the 
basis for several such analysis [4, 14, 16]. The EM radiation influences 
themoregulatory behaviour like other sources of heat Hardy and Guieu [7] has 
summarized its themophysiological effects of human body. Similarly, work has been 
done on physical character of human body in relation to heat loss [3]. If only one part 
of body (such as head or trunk) is exposed to EM radiation, the change in selected 
ambient temperature range is governed by an integrated energy deposition over the 
whole body and not by energy deposited in some specific locus as the brain. Indeed 
the hypothalamus appears to play no more vital role in behavioural thermoregulation 
during EM exposure than what the other themio senstive regions of the body do [ 1 ]. 
Therefore interaction may be expected between the body and radiation resulting into 
many types of biological effects. Efforts have been made to decribe this type of 
interaction by Polk [11] and Mason et al. [9]. In the present paper current density in 
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human skin and bone due to electromagnetic environment have been studied. 

MECHANISM 

The EMF produces two type of effects that control the dielectric behaviour. 
On is the oscillation of free charges or ions and the other is the rotation of dipole 
molecules at the frequencies of the applied EM energy. The first gives rise to 
conduction currents with an associated energy loss due to electrical resistance of the 
medium with an associated dielectric loss due to viscosity. Here we study the current 
density in the skin and human body induced due to the radiation of 10 k W transmission 
towers. Propagation of these rediations in the atmosphere means the propagation of 
electric and magnetic fields around the tower. These fields decrease as inversely 
proportional to distance from the tower. Simultaneously the conductivity of skin 
varies with frequency of radiation. If a is the conductivity and E is the exposed 
electric fields, the surface current density in the skin is given by 

J = a E 

The magnitude of induced electric field at a distance r from the antenna tower 
emitting at 10 kW is given by Pathak et al. [10] 

E = 774.6/r 

RESULTS AND DISCUSSION 

The conductivity of skin and bone are increased with radiation frequency of 
exposure to body reported by Johnson and Guy [8]. Using these data calculated 
values of current density induced on the skin of human body at distances 100 m, 300 
m, 500 m and 1 km from the tower are shown in Table 1. Table 2 shows calculated 
values of current density induced on bones of human body at various distance of 100 
m. 300 m, 500 m and 1 km from the tower. Current flow or current density may 
affect the flow of ions. Watchtel [15] observed shift in neuron firing rate response to 
injected transmembrane. He also injected low frequency current into the seawater 
surrounding the cell preparation through external electrodes and observed some 
variation in effects. Shwan [13] proposes that current density in the tissues is the 
most useful parameter to the hazards. But the exact mechanism is to be worked out 
as to how EMF produces the heat inside the biological material, which also breaks 
down the protective mechanisms of heat control inside the body [2]. 

The values of current densities on the skin and bone of human beings are also 
increased with frequency of radiation as shown in Tables 1 and 2, which affect the 
human body in various ways. Thus the presence of transmission tower is harmful for 
the public health and therefore should be installed far away from populated areas. 
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Table 1: Variation of conductivity and current density on the skin of human beings with 
high frequency ratiation. 


Frequency of 

Conductivity 

Current density at different distances from the tower 

radiation (MHz) 

(mho) 

loom 

300m 

500m 

1 Km. 

10 

0.625 

0.0893 

0.0298 

0.0178 

0.00893 

27.12 

0.662 

0.1337 

0.0445 

0.0267 

0.0133 

40.68 

0.693 

0.1621 

0.54 

0.0323 

0.1614 

100 

0.889 

0.28 

0.0934 

0.056 

0.028 

200 

1.28 

0.5081 

0.1694 

0.1063 

0.0506 

300 

1.37 

0.5684 

0.1894 

0.1135 

0.0567 

433 

1.43 

0.6034 

0.2031 

0.12 


HEIS3HHHI 

1.54 

0.6622 


0.1349 


915 

1.6 

0.7008 

0.2337 

0.1401 

0.07008 

1500 

1.77 

0.8053 

0.2686 

0.1612 

0.805 

2450 

2.21 

1.047 

0.3491 

0.2095 

0.1045 

3000 

2.26 

1.0938 

0.3645 

0.2187 

0.1091 

5000 

3.92 

1.979 

0.6597 

0.3959 

0.1975 

5900 

4.73 

2.421 

0.8083 

0.4848 

0.2421 

8000 

7.65 

4.2304 

1.4106 

0.846 

0.4222 

10000 

10.3 

5.7062 

1.9034 

1.1422 

0.5706 


Table 2: Variation of conductivity and current density in the bones of human beings 
with high frequency ratiation. 


Frequency of 
radiation (MHz) 

Conductivity 

(mho) 

Current density at different distances from the tower 

100m 

300m 

500m 

1 Km. 

27.12 

27.05 

28.564 

9.5216 

5.7129 

2.853 

40.68 

32.07 

45.747 

15.238 

9.1527 

4.5714 

100 

47.5 

116.802 

38.931 

23.355 

11.67 

200 

60 

175.38 

58.458 

35.37 

17.52 

300 

69.3 

209.078 

69.708 

41.787 


433 

77.95 

238.293 

79.446 

47.658 

23.501 

750 

93.9 

287.052 

95.702 

57.41 

28.31 

915 

101.3 

309.674 

103.244 

61.934 

30.541 

1500 

120.9 

369.591 

123.221 

73.918 

36.451 

2450 

154.7 

479.26 

159.774 

95.821 

47.895 

3000 

172 

532.856 

177.641 

106.571 

53.251 

5000 

235.5 

729.579 

243.224 

145.915 

72.91 

5900 

262 

863.552 

287.859 

172.684 

85.276 

8000 

343 

1189.52 

396.542 

237.87 

118.849 

10000 

436.5 

1560.48 

520.133 

312.053 

155.917 



















































































































































































20 


HARMFUL BIOEFFECTS OF HIGH FREQUENCY ELECTROMAGNETIC FIELDS 


REFERENCES 

1. E.R. Adair : Mirowave challenges to the themoregulatory system, in 
Electromagnetic Waves and Neurobehavioral Function, M.E.O'Connor and 
R.H. Lovely, Eds., Alan R. Liss, New York 1988,179. 

2. E.R. Adair : Themoregulation in the presence of microwave fields, in Handbook 
of Biological Effects of Electromagnetic Fields, C. Polk and E. Postow , Eds., 
CRC Press Inc. Boca Raton, 1996. 

3. , l.G. Berglund ; Characterizing the thermal environment is microwave and 

themoregulation, E.R. Adair. Ed, Academic Press, New York, 1983. 15. 

4. A.F. Emery, R.E. Short, A.W. Guy, K.K. Kraning, and J.C.Lin : The 
numerical thermal simulation of the human body when undergoing exercise 
or nonionizing electromagnetic irradiation, Trans. Am. Soc. Mech. Eng. 284,1976. 

5. M. Feychting, and A. Ahlbom : Magnetic fields and cancer in people residing 
near Swedish high power lines. Am.J. Eypedmiol. 138 (1993) 467. 

6 . M. Feychting and A. Ahlbom ; Magnetic fields and cancer in people residing 
near Swedish high power lines. Institutet for miljomedicin, Karolinska 
intitutet, 1992. 

7. J.D. Hardy and J.D. Guieu ; Interaction activity of preoptic units II. 
Hypothetical network. I. Physiol.(Paris) 63 (1991) 264. 

8 . C.C. Johnson, and A.W. Guy : Non-ionising electromagentic effect in biological 
materials and systems. Proc. IEEE, 18 (June 1972) 692-718. 

9. P.A. Mason, W.D. Hurt, T.J. Walters. , J.A. D Andera, P. Gajsek. K.L. Ryam, 
K.l. Nelson and J.M. Zinax : IEEE Trans Microwave Theory and 
Tech. 48 (11)(2000)2050-2058. 

10. P.P. Pathak , V. Kumar, and R.P. Vats : Harmful electromagnetic environment 
near transmission tower, Indian J. Radio & Space Phys. 32 (2003) 238-241. 

11. Polk C : Introduction, in Handbook of Biological Effects of Electromagnetic 
fields, C. Polk and E. Postow (Eds.) CRC pre.ss Inc. Boca Raton, 1996. 

12. D.A. Savitz, E.M. John and R.C. Kelckner : Magnetic field exposure from electric 
appliances and childhood cancer. Am. J. Epidemiol. 131 (1990) 763. 

13. H.P. Schwanv : Interaction of microwave and radio frequency radiation with 
biological systems, IEEE Trans. Microwave Theory Tech, Special Issue on 
Biological Effects of Microwaves) MTT- 19 (1971) 146-152. 

14. R.J. Spiegel, D.M. Deffenebuag, and J.E. Mann : Athermal model of the 
human body exposed to an electromagnetic field. Bioelectromagnetics, 1 (1980). 253. 

15. H. Watchel : Firing pattern changes and transmembrance currents produced 
by low frequency fields in pacemaker neurons, in Proc 18th Annu Hansford 
Life Sci. Symp. Technical information center, U.S. Department of Energy, 
Richland, Washington 1978.132. 

16. W.L. Way, H. Kritkos, and H.P. Sqhwan : Thermoregulatory physiologic responses 
in the human body exposed to microwave radiation, B ioelectromagnetics, 2 (1981) 341. 



Journal of Natural & Physical Sciences, Vol. l^ (2) (2004) 21-34 
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ABSTRACT 

In this paper different methods for solving cubic equation are given. The contribution of 
Indian and Foreign mathematicians in the development for solving cubic equation are also discussed. 
Specially Omar Khayyam’s geometrical method for solving particular type of cubic equation and 
Vieta’s method for solving a cubic equation by converting it into quadratic are also explained. 

Key Words : Cubic, Quadratic, Real, Imaginary 

Classification No.: 01A32 


INTRODUCTION 

An equation of the form ax^+bx-+cx+d=0 where a, b, c and d are real numbers 
and a 0 is called real cubic equation. 

The oldest cubic equation which is of the form x'= k is due to Mehaxchumus 
(c. 350 B.C.) [7], 

The next cubic equation is due to Archimedes (c.200 B. C.) [7], 

x^+c-b=cx- 

Eutocius (c. 560 A.D.) solved the cubic equation of Archimedes by finding 
the intersection of two conics [7]. 

X- = (aVc-)y (parabola) 

y(c-x) = be (hyperbola) 

Next development of cubic equation was due to Arabs and Persians. Almahani 
(c. 860 A.D.) solved the cubic equation of Archimedes but he contributed nothing 
new. In pursuing the solution of cubic equation , Omar Khayyam (c. 1100 A.D.) 
blended solid geometi 7 and geometry of conics. He gave geometrical and graphical 
solutions [3,4, 7, 8], which arc as follows : 

*Departmenl of Mathematics and Statistics. Gumkul Kangri Vishwavidyalaya. Haridwar. 
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(a) Geometrical solution 

let X Va'X=b — (1) be a cubic equation, which is the intersection of two curves 

(i) x^ay (Parabola) 

(ii) X'+y^(b/a^) x (Circle) 

Now there are four possibilities; 

(1) when a and b are positive particularly we illustrate a=l and b=2 


0 B 



AQ=1 is the required solution of eqn (1). 

(2) a= -1 (negative) and b=2 (positive), we must use the semicircle in quadrant 4 



Fig.: 2 

AQ =1 is the required solution of eqn (1). 

(3) a= -1 (negative) and b= -2 (negative) because diameter b/a- can not be negative 
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SO if b is negative, semicircle shifts to the left of the vertical axis. 



Fig.: 3 


AQ=-1 is the solution of eqn(l). 

(4) a =1 (positive) and b= -2 (negative) 



AQ=-1 is the solution of eqn(l). 

(b) Graphical solution 

Graphical solution of cubic equation is known from ancient time. It is also 
found in Omar Khayyam's work [1,4,6,10]. It is as follows: 

Example: let x’-5x-+4x = 0 be a cubic equation 
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y = x’ - 5 x-+4x 

for different values of x, different values of y can be obtained 


■ 

-2 

■ 

0 

■ 

2 

3 

B 

5 

■ 

-36 

-10 

0 

0 

B 

-6 

0 

20 



V/ 


Fig.: 5 

Graph cuts the x axis at three points 0, 1, 4, So 0, 1 and 4 are the roots of cubic 
equation. 

Mahaviracharya (c 860 A.D.) considered equation of the following form 
by which only particular type of cubic could be solved [3,7]. It is as follows: 

Ax'-q 

Bhaskaracharya (c. 1150 A.D.) wrote a problem of cubic equation in his 
Bijganita [3, 5, 7] which is as follows: 

TTfVr^ftr: n [5, p. 233] 


This means 
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What is the number which multiplied by 12 and increased by the cube of number is 
equal to six times the square of number added with 35. 

Assuming the number to be x, then we should have 

x^+12x = 6x-+35 

x’+12x-8 = 6X-+35-8 

(x-2)' = 3' 

x= 5 is the root of equation. 

European mathematician Fibonacci (c. 1225 A.D.) studied cubic equation in 
his work Felos and Liber Quadratorum [2, 7, 9]. For the problem x’+2x-+10x=20, 

he proved that x can not be iirational such as ^a + >/b • 

Example: Consider the fol lowing cubic equation. 

x’+2x-+10x = 20---(2) 

since 2 < x < 1 

So, X must have a value of the form a/b. From eqn.(2) 




10a 

^ - 

b 


= 20 


which can not be possible. From eqn.(2) 
X = (20-2x-)/(10+x-) 


put X= yf\ 


VT =(20-2t)/(10+t) 

which is impossible. 

He also gave an approximate .solution in sexagesimal form 
X = 1,22,7.42,33,4,40 


, 22 7 42 33 4 40 

iH-1-rH-rH-- r+ ft 

60 60 ^ 60 ^ 60 ' 60 60 " 


X 
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In decimal notation 

x~ 11368808106 

Scipio del Ferro (1465 - 1526 A.D.) and Cardan published the general method 
for solving cubic equation by converting it into quadratic [1, 2, 9]. Let the cubic 


equation be 

CjX’+CjX^+CjX+c^ = 0 -(3) 

or x^+px'+qx+r = 0 -(4) 

where psc^/c,, q = c,/c, r-cjc^ 

put X sy - p/3 in eqn. (4) 

we get y^ + Ay + B = 0 -(5) 


where A ss “(3q-p^) 

and ® ^ (2p^-9pq+27r) 

y = ni be the solution of eqn. (5) 

y’-3m'^^ -(m+n) = 0.(6) 


comparing eqn. (5) and eqn. (6) 


m' 


m + n = -B 

If m and n are the roots of quadratic equation then equation is- 
t2+Bt-AV27 = 0 


-B±ylB^+4A^/21 


t 


2 


(7) 
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taking cube root of m and n, we get value of y 


-B 

'b' a'1 

1/2' 

1/3 

B 

7 ■> T \ 

B- 

V2^ 

2 ^ 

^ 4 " 27 j 


• 

2 

4 "^27 

J 



three conditions are possible for the roots of equation 

1) B-+4AV27 < 0, all roots are real but eqn (8) gives them in an imaginary form, 

thus Cardan's solution is not convenient. 

(2) B*+4AV27 > 0, one root is real, other two are pair of complex conjugate. 

(3) B-+4AV27 = 0, cubic consists two equal roots. 

Cardan also proved this formula geometrically. The proof of formula is given 
in the end of paper. 

In 1545 A.D. Cardan published the solution of following equation [9] 


xVmx=n -(9) 

and (a-b)’+3ab(a-b) = a'-b’ ..(10) 


comparing eqn. (9) and eqn. (10), we get 
3ab = m 
a’-b-’ = n 

then (a-b) is one of the solution of eqn. (9) . 

Vieta (b. 1540 A.D.) and Harriat (b. 1560 A.D.) published following method 
for solving cubic equation (removing x- form) [2, 7] 


x-’+3b-x = 2c^ -(11) 

put X = (e--b-)/e in eqn. (11) 

we get e'’-2c’e’=b‘’ -(12) 


this equation is quadratic in e^ and then x = e-bVe, e, and bVe are the roots of 
expression (11). 

Vieta (b. 1540 A.D.) and Girard (b. 1629 A.D.) compared the cubic eqn. (9) 
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with tngonometrical identity [4,7] 

Cos' 0 -3/4 Cos 0 = 1/4 Cos3 0 -(13) 

Example: Find depth z to which a spherical solid ball made of cork (sp. qr. 1/4) 
will sink into water 

Solution: let radius of ball be a. By Archimedes principle 


z'-3az'-i-a'=0-(14) 

put z = nx+a in eqn. (14) 

we get n'x'-3a^x-a'= 0 -(15) 


for x=Cos 0 eqn. (13) is identical with eqn. (15) 
n= 2a and cos3 0 = 1/2 

for thref* distinct values of 9 20", 100", 140" three values of z can be obtained 
Required depth z = a+2a Cos 100" 

This method is suitable when all roots are real, for imaginary roots identity involving 
hyperbolic function can be used. 

Bomballi (c. 1572 A.D.) introduced complex numbers by which the solution 
of irreducible case could be found by Cardan rule. It was also given by Kastner (b. 
1745 A.D.) and Chariout (b. 1746 A.D.) [2,7]. Following is an example : 

Example: let x'-63x-162 = 0 -(16) 

be a cubic eqn. to solve 

from eqn. (8) 

x = [(81 + 3 oV3)]^ - [(81 - 3oV3)]^ 

taking cube root x= -6 is one of the root of given cubic equation. Dividing the eqn. 
(16) by (x+6), we get 

x2-6x-27= 0 
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where roots are 9 and -?> 

It means three roots of cubic equation are -6,9, -3. 

In 1668, Hudde gave another method for solving cubic equation [7J 


let x^= qx+r- 

put X = y+z in eqn.(17) 

-(17) 

y Vz’ + 3yzx = qx+r-:- 

comparing coefficients of like terms 

we gel y’+z’ =.r 

3yz = q 

solving for y and z we get value of x. 

-(18) 

Newton (c. 1669A.D.) suggested that a particular root of a equation could be 

found by substituting a known approximate root in 
Following is an example ; 

Example:* let the cubic equation be 

the given equation [4, 7]. 

y ' - 2y - 5 = 0- 

for y = 2 

y^ -2y -5 = -l 

for y = 3 

y' -2y -5 = 16 

2< y < 3 

-(19) 

let y = 2 + p- 

from eqn. (19) 

(2 + p)^ - 2p (2+p) -5 = 0 

-(20) 

p’ + 6p- + lOp -1 = 0- 

we get p =0.1 approximately 

-(21) 
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pm p =0.1+q-.(22) 

we have 

q' + 6.3 q- + I l.23q + 0.061 = 0-(23) 

q = -0.0054 approximately 

put q = -0.0054 + r-(24) 

from eqn. (23) (omitting r’ tenn) 

63f- + 11.1619r + .000541708 =0..(25) 

r = -0.00004854 approximately 
r = -0.00004854 + s.(26) 


from eqn. (25) (omitting term because s- is very small real number) 
177076885 s= 1.2584 

s = O.OCCOOOOO 7106 approximately 
s = 0.00000000 7106-Ft 

being a very small real number we will not consider the value of t 
Put the value of s in eqn.(26) 
we get 

r =-0.000048532894 

from eqn. (24) 

q = - 0.005448532894 

from eqn. (22) 

p = 0.09451467106 
and finally we have 

y = 2.09451467106 (approximately) 

The process terminates if the root is commensurable and it may be carried to 
required number of decimal places if it is incommensurable. 
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De Moivre's (1667-1754 A.D.) method for solving cubic equation was based 
on the identity [1,4] 

(Cos 0 + i Sin 0)" = Cosn 0+ iSin n 0 

let the cubic equation be ax V bx'+cx+d =0 and can be written as 

(x+ b/3ay = (b727)a’ - d/a-(27) 

if b- = 3ac 

Example : let the cubic equation be 

zV6z--12z-12 = 0, from eqn. (27) we get 
(z-2)’ =4 

(z-2)' = 4(cos2r n + sin 2r n) 

(z-2) = 4''Xcos2r7t+ sin 2rn)''’ 

for r = 0,1,2 we get three roots. De Moivre's method can be applied when R.H.S. of 
eqn. (22) is not real. Pure algebric method fails to find the cube root of general 
complex number in explict form. When b^= 3ac is not satisfied, this method can 
be used only particular cases. 

Lagrange (1736-1813 A.D.) introduced a method of expressing the root of 
numerical equation in the form of continued fraction [1]. 


Example: x^-2x-5 = 0-(28) 

root lie between 2 and 3 

put X = 2-f-l/y in eqn. (28) 

transformed eqn. is 

y^-10y*-6y -1=0-(29) 

root lie between 10 and 11 

put , y = 10+1/z in eqn. (29), we get 

61z’-94z‘-20z-l =0-(30) 


l<z<2 
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put z = 1+1/u in eqn. (30) 

54 u V25u’-89u- 61=0 

1< u < 2 and so on- 


expression for the root 


X 


2 + 


1 0 + 


1 

1 


1 + 


Geometrical proof of formula 

Cardan's geometrical proof of his formula given by eqn. (8) is as follows ; 

Let the cubic equation be x’+mx=n-(31) 

where m and n are positive because diamensions of cube be positive. Assuming 
a cube Z with side t. Where t = (t-u) + u 


I u • 



This cube of side t contains two cube A and B having sides (t-u) and u and four 
cuboids. 

vol. of cube Z = vol. of cube A+ vol of cube B+vol. of four cuboids 
t^ = (t-u)^ + u’ + 2tu (t-u) + (t-u)u' + u (t-u)- 
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t^-u-’ = (t-u)’ + (t-u) 3tu-(32) 

let X = t-u then 

t’-u’ = x^+ 3tux-(33) 

comparing eqn. (31) and eqn. (33) 

m= 3tu--(34) 

n = t^- u'-(35) 

from eqn. (34) and eqn. (35), we get 

it means t‘^-nt^-mV27= 0--(36) 


t =[+n/2 + (n*/4 + mV27)''^-]''' 


from eqn. (35) 

u = [-n/2 + (nV4 + mV27)''-]''’ 
and finally x= t-u is the solution. 

CONCLUSION 

Omar Khayyam's, Bhaskaracharya's, and Eutocius's methods are suitable 
only for solving particular type of equations. Methods given by Ferro, Cardan, 
Bomballi, Vieta, Girard and Newton are general methods. Numerical methods 
based on convergence of sequences are now used for solving cubics. 
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ABSTRACT 

Construction of some vedis from Sulba Sutra are given. 

Key words and phrases: Praci. Sacifice, Oblong, Citi, Isosceles trapenzium. Altar, Kamya Agni, Nitya Agni, 
Classification Number: OIA32 


INTRODUCTION 

The science of Mathematics which is said to be the " queen of all sciences" or 
" the peak of all sciences" has originated in so hoary manner that it is impossiable to 
trace its origin in any of the written records of the human civilization. Mathematics 
was known in ancient India as Ganir-veda or the Veda (i.e. Knowledge) of cacluationls 
for detail description [15]. 

Only seven Sulba Sutra are available at present. These are: 1 BaudhSyana, 2. 
Apastamba, 3. Vadhula, 4. Maitrayana, 5. Manava, 6. Varaha, 7. KStySyana. First 
six belong to Traittriya Samhita of Krsna Yajurveda. Only the sutra of KStySyana 
belongs to Sukla Yajur-veda. Out of these Baudhayana, Apastamba and KStyayana 
deal with the mathematical portion-namely Geometry, in detial Manava gives a very 
scanty description of the geometry. It deals only with the Square and Circle. The 
Baudhayana, Apastamba and Manava make use of these rules in the construction 
of various citis. But description gives only their dimensions accordingly to their 
shapes. 

The most important points observed in all of them are:- 

1. The shape of the citis or the altars of the sacred fires may differ but their areas 
will remain the same. 

2. In the construction of citis, there will be five layers and each layer will consist 
Department of Mathematics & Statistics, Gurukula Kangri Vishvavidyalaya, 
Haridwar.of200 bricks. 

3. In the case of the three sacred fires only Garhapatya will have five layers and 
each layer will consist of 21 bricks [12]. 

* Department of Mathematics & Statistics, Gurukul Kangri Vishvavidyalaya, Haridwar. 
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GLIMPSES OF FIRE-ALTARS 

There is fundamental difference between the two types of ritual. The grahya 
ritual is performed by the householder and his wife in the Garhapatya fire only. In 
this ritual, as mentioned in Rv. X 8.5.27 "In this thy (husband's family) affection 
may increase with offspring, be watchful over the Garhapatya Agni in this house." 
A priest is seldom required. The srauta ritual is performed by the sacrificer and his 
wife in more than one fire viz. Garhapatya, Ahavaniya and Daksina with important 
role of priest. However there are various views in concern of different agnis on the 
basis of seasonal and periodical sacrifices as well as Nitya and Kamya. 


Kamya agnis were having five layers, each made of fixed number of bricks. 
The Nitya fire has 21 brick and kamya fire has 200 bricks in each layer f 10]. 


Name 

Horizontal Section/Shape 

Sutra reference 

Nitya Agni 



Ahavaniya 

Square 

Baudhayana Sulba 
sutra (BSS 7.4-7.7) 

Garhaptya 

Circle 

BSS 7.8 

Daksinagni 

Semi Circle 

[13] 


Kamya Agni 


Optional fire altars which are built for the fulfilment of desire i.e. Kamyagni 
Taittariya-Samhita 5.4.11.1-3. These are;- (Each optional fire has an area IVi square 
purusa) (see 13).' 


Name 

Horizontal Section/Shape 

Sutra reference 

Kamya Agni 
Caturasrasyenacit 

Hawk bird with square body. 

BSS 8.1-8.18 


wings and tail rectangles 

9.2-9.10 

Vakrapksavyasta- 

Hawk bird with bent wings 

BSS 10.1-10.14 

puccahasyenacit 

and out spread tail 

11.2-11.13 
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Kankacit 

Hawk bird with curved wing 

and tail 

BSS 12.1-12.8 

Alajacit 

Alaja bird with curved wings 

and tail 

BSS 13.1-13.5 

Praugacit 

Isosceles triangle 

BSS 14.4-14.8 

Ubhayata praugacit 

Rhombus 

BSS 15.2-15.6 

Rathacakracit 

Chariotwheel 

BSS 16.3-16.5, 



16.6-16.20 

Dronacit 

Square trough 

BSS 17.1-117.12 


Circular trough 

BSS 18.1-18.15 

Samasanacit 

Isosceles trapezium 

BSS 19.1-19.11 

Kiirmacit 

Tortoise 

BSS 20.1-20.21 



21.2-21.13 

Vedi 



Mahavedi/ 

Isocels trapezium 

BSS 4.3 

Saumikyavedi 

(face «=, base/> = 30, 

[2]&(L3],p.69) 


height c = 36) 

([7J.P.22) 

Sautramanivedi 

Isosceles trapezium 

BSS 3.12, 1.85 


(«-8VI />=I0^/I c=\2yl^ 


Paitrkivedi 

Isoccles trapezium 

BSS 1.82,3.11 


(a -8,6= 10, r- 12) 

Square having four corners 

in four corrdinate directions. 

([17], p. 68) 

UUaravedi 

Four cornered and each side 

BSS 3.10 


is 36 angulas 


Asvamedhavedi 

Isosceles trapezium 
(a = 32,b = 40,c = 54) 



(Units are in padas otherwise stated) 
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Following are some of the geometrical methods which arc used for construction 
of altars. 

1. Construction of a trapeziam Similar to a given trapezium. 

2. Construction of trapezium similar to double of its area. 

3. Construction of a trapezium similar to third part of its area. 

4. Construction of an isosceles trapezium similar to given trapezium by increas 
ing/diminishing its sides by a certain proportion. 

5. Construction of an isosceles trapezium of given area. 

6. Construction of a square of given area 

7. A quadrilateral formed by the lines joining the middle parts of the sides of a 
square is a square whose area is half that of the original one. 

8. A quadrilateral formed by the lines joining the middle points of the sides of 
the rectangle is a rhombus whose area is half that of the rectangle. 

In addition ot geometical problems. Sulb Sutras also concern extensively with 
the use of instruments such as bomboo rod, geometrical compass, peg, rope 
and sanku for altar construction; relative distance between Ahavaniya, 
Daksinagni, G5rhapatya and Uttaravedi; relative position of various altars with 
regard to Mahavedi; enlargement of fire altars; a few indeterminate problems; a 
little of geometrical algebra; fractions; elementry concept of arithmetic series 
[13]. 

MAHAVEDI 

sqiWd ill (BSS 1.90) 

The meaning of above Sutra is as follows: 

"The western side is thirty padas of prakrams long, the praci thirty-six the eastern 
side twenty four" this is the tradition for Mahavedi (fhe vedi used at the soma sacrifices); 
it has been explained how it is to be measuued out [17]. 
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In other words above may be stated as Mah'avedi described as isosceles 
trapezium measuring 80 padas or prakarmas on western side, 36 padas along east- 
west line 24 padas on eastern side [13]. 



Description : 

Mahavedi^®^^ is isosceles trapezium of width 36 and parallel sides 24 and 
30 units. This is constructed by first making the central-axis (east-west line), points 
W and E and then drawing the four segments WD, WC, EA and EB along the other 
cardinal directions (south and north) ([13], p.22) Mahavedi is called Saumiki vedi 
in ASS. 

Calculation of area of Mahavedi by l^ulba Sutra method: 

Draw a perpendicular form A on side CD and from C on AB. Let perpendiculars 
meet on WD at G and on AB at H. 

Area of Mahavedi ABCD = Area of rectangle AGCH. 
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E and W are middle points of sides AB and CD. “ “ ^ 

BE - EA - 12 
CW = WD - 15 
WG= 12 and CG- 15+12-27 
V EW-36 

AG - HC - EW - 36 c ,5 

Area of rectangle AGCH = CGxCH - 27x36 = 972 sq. padas [4], 
Hence area of Mahavedi = 972 sq. padas. 

Verificaton of area by modern method: 

1 

Area of Mahavedi = ~ (Sum of parallel sides) x height 

= i(30 + 24)x36 

= 54x18 - 972 sq. padas. 

Length of non-parallel sides: 

Since EW - AG 
AG-36 

and EA-WG- 12 

GD-WD-WG-15-12-3 
Now in triangle AGD, using Sulbkara's theorem 
AD'-AG’+GD- 
AD-- (36)-+(3)- 
- 1296+9=1305 

.-. AD-Vl3^ -36.12 
AD-BC-36.12 padas. 


SAUTRAMANIVEDI 

(BSS 1.85) 

"He is to sacrifice on the third part of the vedi" thus it explains the fomiation 
of vedi of the Sautramani sacrifice. 
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T nv4 t <Hl «raf^ii (bss 1 . 86 ) 

The side of that area which is formed into a square with the third part of the 
Mahavedi is eighteen padas long. 

^ ^ ^ g fi chmlfd n (BSS 1.87) 

The meaning of the sutra is; instead of giving to the Sautramanivedi the form 
of a square we may give to it the form of an "oblong which is shorter on one side" 
and the area of which is equal to the third part of the Mahavedi [17].. 


t, r. M 



() W N 


Description : 

The Sautramanivedi is constructed exactly in the same manner as the 
Mahavedi. Measures prescribed for the Mahavedi are 36 padas for praci (east-west 
line), 30 padas for western side, 24 padas for eastern side all these lengths were 

devided by three then we obtain 12 padas for praci, 10 padas for western side and 8 
padas for estem side. The area of figure formed is one ninth of the area of Mahavedi 
which is 108 units of area; Multiplying it by 3, wc get 324 units of area which is 
equal to the area of Sautramanivedi and dimensions of Sautramani vedi are as follows 
8,10 and 36 padas [4]. 

Measurment of area of Sautramanivedi by Sulba Sutra method: 

AB = 12 Padas 

AE = EG = GD = 9 padas 
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AF = FG = HD = 108 sq. padas 
AC = 324 sq. padas. 

Area of rectangle ABFE = 12X9 = 108 sq. padas 
Area of rectangle ABCD = 12X27 = 324 sq. padas 

Area of Sautramanivedi LMNO = Area of rectangle ABCD = 324 sq. padas [4]. 

Varification of area by modern method : 

1 

Area of Sautramanivedi LMNO =“ (Sum of parallel sides) x height 

1 

=- (8+10) X 36 
1 

=— X 18 X 36 = 9 X 36 = 324 sq. padas 

Length of non-parallel sides: 

From fig., MP is perpendicular on N. 

Since E and W are middle points of sides LM and ON 
. LE = EM = 4 and OW=WN=5 
PN =WN-WP 

= 5-4=1 (vWP = EM) 

Since EW = 36 
MP = 36 

In triangle MPN, using Sulbkara's theorem 
MN- = MP2 PN^ 

= (36)^ +(1)^ 

MN= Vl297 =36.01 padas 
MN = LO=36.01 padas 
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A^VAMEOHA VEDI 

(ASS 5.36) 

Area of the altar for A^vamedha is double the area of Saumikivedi (Mahavedi) 
i.e. 1944 sp. pada [4]. 


A 16 E 16 B 



Description : 

Because area of Mahavedi is 972 sq. padas therefore area of A^vamedhavedi 
will be 1944 sq. padas,. Shape of this vedi is the same as that of Mahavedi. 

Accordingly praci of A^vamedha vedi is 54, western side is 40 and eastern side is 
32 padas [4]. 

Now in figure ABCD is A^vamedhavedi. 

Measurement of area of Asvamedhavedi by Sulba Sutra Method : 

Draw two perpendicular one from B on DC and second from D on BA. Let 
perpendiculars meet on WC at F and on BA at G. 
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Area of rectangle BFDG= Area of A^vamedhavedi ABCD 
Since E and W are middle points of the sides AB and DC. 

AE=EB= 16 and D W=WC=20 
also GD=EW=BF=54 

DF=DW + WF = 20+16 = 36 
Area of rectangle BFDG = 54 x 36 = 1944 sq. padas 

Hence area of A^vamedhavedi = 1944 sq. padas. 

Varification of area by modern method : 

1 

Area of Asvamedhavdi = — (Sum of parallel sides) x height 

= ^(32+40) X 54 
1 

= ~ X 72 X 54=36 x 54=1944 sq. padas 

Length of non-parallel sides: 

from fig., FC = WC - WF = 20-16 = 4 
and BF = 54 

In triangle BFC, using Sulbkara's theorm 
BC- = NF' + FC- 
BC- = (54)- + (4)- 

= 2916+ 16 = 2932 

.-. BC=^/^= 54.15 

BC = AD = 54.15 padas. 
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In this paper the dimensions of Mahavedi, Sautramanivedi and A^vamedha vedi 

and their shapes are described. Their areas have been calculated by ^ulba Siltra 
method and modem method. In each case area comes out to be equal, showing the 

exactness of the geometrical methods described in ^ulba Sutra. 
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KINETICS AND MECHANISM OF MN (II) CATALYSED 
PERIODATE OXIDATION OF O-CHLORO ANILINE IN 
AETONE-WATER MEDIUM 
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(Received 10.08.2004) 

ABSTRACT 

Kinetic-mechanistic studies made for periodate oxidation of 
o-chloroaniline (OCA) in acetone-water medium, have been used for derivation of rate law and 
proposing mechanism which satisfy various observations like first 
order in each reactant and catalyst, stoichiometry (1 mol OCA : 2 mol periodate), kinetic parameters 
(Ea - b.5 K cals/mol; A = 1.45 xio^ lit/mol/sec; AS* aF*= 17 V2 K Cals/mol; 

A/-/"* - 5.9 K Cals/mol), main product identified (2-chloro-l,4 benzoquinone), and the effect of 
pH, dielectric constant, and ionic strength on reaction rate. 

Keywords: Kinetics and mechanism, Mn (II) catalyst, Periodate oxidation, 

o-chloroaniline, 2-chloro-l ,4-benzoquinone. 

INTRODUCTION 

Reports on kinetic-mechanistic studies on the Mn (II) catalysed periodate 
oxidation of aromatic amines are very few[l-4]. In continuation to our earlier 
communications on uncatalyscd oxidations of such type [5-7], present paper deals 
with the kinetic studies made on Mn (II) catalysed periodate oxidation of OCA in 
acetone-water medium. 


MATERIALS AND METHODS 

Chemicals of E.Merck/CDH A.R. grade were used after distillation/recrystallization. 
Triply distilled water was used for preparation of the solutions. The progress of the 
reaction was followed spectrophotometrically [5] by recording the absorbance at 
475 nni, i.e. the of reaction mixture in the duration in which the did not 
change. The pH was maintained at 5.0 by using Thiel. Schultz and Koch buffer [6,7] 
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in all kinetic runs except when the effect of pH was studied, Plane mirror method 
and Guggenheim's method were used for evaluation of initial rates [(dA/dt),] and 
pseudo first order rate constant k, or second order rate constant k, respectively. NaCl 
solutions were used for maintaining the ionic strength (p) in the kinetic runs. 

RESULTS AND DISCUSSION 

1 mol OCA consumed 2 moles of periodate as determined iodometrically. 
The data (table-1) indicated 2"^ order for the reaction, being first order in each 
reactant. Linear relation between concentration of the reactants and rate supported 
the 2"*' order kinetics. In pseudo first order conditions (tabie-2), the [(dA/dt)] ' or 
A:, ' vs[S] ' Plots were linear with almost negligible intercept, suggesting the 
Michaelis-Mentcn type kinetics being followed with respect to both reactants 
with the possiblity of formation of a fast decaying intermediate complex between 
reactants [10,11]. Data in tablc-3 established the L' order in catalyst. Rate-pH 
profile showed a maxima at pH=^5.0 (table-4). A linear relation between log (dA/ 
dt)i or log k, and 1/D with negative slope (where D is the dielectric constant of 
the medium) and a primary linear type plot between log (dA/dt)^ or log A, vs 
ionic strength (p) that were obtained from the data in table-5, indicated an ion- 
dipole interaction in this reaction. Arrhenius plot was made between 30+ O.r’C 
to 45 + 0. IT and the values of different thermodynamic parameters evaluated 
taking[OCA]=l.Ox lO-’M,[NaIOJ=1.0x 10-‘'M,[Mn"H.0x 10'’Mandacetone 
= 10.0% (v/v), are Ea=6.5 K cals/mol; A=1.45 x 10-^lit/mol/sec ; =-38.0 EU 

; ^/r*=17.72 K cals/mol ; ^ cals/mol. Low value of energy of 

activation and high frequency factor are characteristic of a bimolecular reaction 
in the solution in the which the reacting species are larger in size. A large negative 
value of ^ 5 * suggests the formation of strongly solvated, charged and rigid 
transition state. 
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Table-1. Determination of order w.r.t. reactants. 

A.,,,,, - 475 nm; pH- 5.0; Acetone = 10.0% (v/v); Temp = 30± O.T'C; 

[Mn* ']-8.0 X 10-"M (6x10 '’ M for variation of [NalOJ) 

[OCA]xlO^M 2.0 4.0 6.0 8.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0 

[NalOJxlO'M 1.0 1.0 1.0 1.0 1.0 0.1 0.2 0.3 0.4 0.8 1.0 

(dA/dt)xl0-(min') 3.0 5.6 8.0 10.3 12.4 7.0 14.0 27.0 40.0 54.0 64.0 


Table-2. =475 nm; pH=5.0; Acetone = 10.0%(v/v); Temp = 30.0+ 0. T’C; 
[Mn ]=8.0xl0-'’ M (6x10" M for variation of [NalOJ). 


[OCA]xl()^M 

1.0 

1.2 1.4 1.6 1.8 

0.1 

0.1 

0.1 

0.1 

0.1 

0.1 

[NalOJxlO'M 

0.10 

0.10 0.10 0.10 0.10 

1.0 

2.0 

3.0 

4.0 

5.0 

6.0 

(dA/di)xl0'(min' 

') 6.5 

14.0 21.0 27.5 32.5 

7.0 

15.0 

22.0 

26.0 

34.0 

40.0 

k xlO'(sec-l) 

1.73 

2.01 2.30 2.50 2.78 

1.54 

2.30 

3.07 

3.45 

3.84 

4.22 


l'able-3. Determination of order w.r.t. Mn^ 

[NalOJ-1 .Ox 10 •'M;[OCA]-l .Ox 10 'M;Temp. - 30.0± 0.1T; 

Acetone -5.0% (v/v);7.^^^^^ ■■475 nm 

[Mn'lxl0"M 4.0 6.0 8.0 10.0 12.0 14.0 

(dA/dt)xloomin ') 6.5 10.0 13.0 16.0 19.0 22.0 

Table-4. Rate-pH profile. 

[OCA]-l .Ox 10-' M; [NalOJ - 1.0 x 1 O'* M; =475 nm; Acetone - 5.0% (v/\ ); 
Temp. - 30.0± 0.IT; [Mn’ ] = 8.0x 10"M 

pH 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 

(dA/dt).x lOJmin ') 5.0 5.25 6.5 8.0 5.5 5.0 4.5 4.0 3.0 
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Tablets Effect of D and ^ on reaction rate. 

[OCA]= 1 .0x10'^ M; [NalO^] =1 .Ox I O '* M; X max= 475 nni; * Acetone= 5 . 0 % (v/v); 


Temp.= 30.0 ± 0.1 “C; 

D 

[Mn^]=8.0x lO-'M. 

72.4 71.0 69.7 

68.4 



1.* 

.. 

* p X 10' 

— 

— 

“ 

— 

10.0 

12.3 

14.1 

17.3 

(dA/dt), 10' (min ') 

9.0 

8.0 

7.0 

6.0 

6.5 

7.0 

7.5 

8.25 

k| X lO'(Sec ') 

3.65 

2.40 

1.73 

1.34 

1.54 

1.60 

1.63 

1.73 

k, (1. mol '.(Sec ') 

3.65 

2.40 

1.73 

1.34 

1.54 

1.60 

1.63 

1.73 


The increase in the rate from pH 3.5 to 5.0 may be due to the decrease in the 
protonation of OCA from pH 3.5 to 5.0 (table-4) which makes greater concentration 
of OCA available for the reaction. This leads to the assumption that unprotonated 
OCA is the reactive species in present case. Second part of this profile suggests that 
the periodate monoanion [10 4 ] is the reactive species of periodate [9] whose 
concentration goes on decreasing with increase in pH beyond the value 5.0 [9] 
decreasing thereby the rate of reaction beyond pH 5.0. 

Based on these results, the mechanism may be proposed (Chart) involving the 
lone pair of electrons on nitrogen atom of OCA for the co-ordinate bond formation 
between OCA and Mn*^^ species in a reversible step to from complex C, [step (i) ] 
which, in turn, interacts with IO 4 in slow and rate determining step (ii) to give C,. C, 
Changes by fast hydrolysis in to C,. The formation of a charged intermediate complex 
C, by the attack of IO 4 on the nitrogen of anilino group and stabilization of positive 
charge on nitrogen of this group, have also been observed and supported by LFER 
studies for the uncatalysed periodate oxidation of few aromatic amines [ 8 ] In addition, 
a high negative value of entropy of activation and the effect of dielectric constant on 
the reaction rate support the involvement of solvation effects in this reaction. 

It should also be noted that the initial part of the reaction is significant in the 
present case and the second molecule of I 04 reacting later to give C^ is not significant. 
C_, changes by fast hydrolysis to give Cj i.e. the main product of raction that has been 
isolated and seperated by employing the method reported eariler in case of other 
aromatic amines [6,7]. It was characterized as 2-chloro-l,4- benzoquinone on the 
basis of test for quinone [4], M.P. [12],UV-V1S, IR and H-nmr spectra (showing 
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characteristic bands for C-Cl [13] and benzoquinones [14]). The overall process 
may be representead as follows: 
k 

OCA + Mn^*< , >C,-(i) 

k, 

C,+[/OJ + _ 

slow 


fast 

C, C, + H,0 + HI0, 

"H'.lIjO 


(iii) 


C, +ia 4 +IiO+HIO,-(iv) 

+ H.O 

C 4 + CJ2 - chloro -1,4 - benzoquinone)-(v) 

Fast 


On applying steady state treatment to C,, the rate law in terms of rate of loss of 
[ 10 ^] may be derived as follows: 

Rate of loss of [IO4] or-d [IO^']/dt = [C,] [lOJ 

= Rate of loss of C, or- d [CJ/dt-(i) 

Rate of formation of C|=+d[C|]/dt=k,[OCA][Mn"] - k, [C,] 

At steady state,- d [C,]/dt = + d[C,]/dt 
Therefore, ^,[C,] [10;] = k, [OCA] [Mn^] =/t, [C,] 
or [C,] Ik,. [10;] + = k, [OCA] [Mn^] 


k,[OCA][Mn-] 

k,[I 04 -] + k, 


( 2 ) 


k,.k,[ 0 CA][MiC"][I 04 ] 

From ( 1 ) and ( 2 ),- d [IO;]/dt =- j --(3) 

Since step (ii) is slow and rate determining step, hence [104 ]« k^ may be assumed. 
Therefore, the rate law ( 3 ), may be written as rate law (4) which explains all the 
kinetic results. 

-d[IO;]/dt = *^,^.[OCA][Mn-] [10;]-(4) 
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STRONG SUMMABILITY OF FUNCTIONS BASED ON 
(Aa,P) {Cj,m) SUMMABILITY METHODS 

B.P. MISHRA* & S.K. SINGH* 
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ABSTRACT 

Singh [7] defined strong summability methods. Here, we have defined summability of function based 
on ( Z), a, P) rn) summability methods and investigated some of their properties. 

Key words and Pharase: Strong summability, function, (Z),a,P),(C,^,/M)summability methods, 

Lebesgue integral. Holder's inequality and Minkowski's inequality. 
Mathematics subject classifications (2000): 40F0S. 


SOME NOTATIONS AND DEFINITIONS 

Let s (x) be any function which is Lebesgue integrable in (0 ,jc) for all finite x > 0 and that s (x) 


is bounded in some right hand neighbourhood of the orgin. Integrals of the form 
throughout to be taken as lint f , being taken as a Lebesgue integral. We write 


are 


S(x) 


f r'(f + m + l) 1 

1 f 

jr(or(/rj + i)) 

X'*"' 


We also write 

^ | r(« + P + i) L>., r s[x)dx, 

^ \r(a)r(p + i)J- (.Y+^vr^'’"' 

if this exists. We also write 

u..i,,.Jy)=(x+yfs*' 

if this exists, where f > 0,m > -\,y > 0,p > -l,a > 0. 


/ = 0 

>0,m>-l (1.1) 


( 1 . 2 ) 


(1.3) 
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With the usual terminology, we say that s(x) is summable 

(i) iCJ,m) to the sum 5 , if exists, and tends to a limit 5 as 00 , 

(ii) [CJ,m]pOx strongly summable (C,f,/w) with index p to the sum s, where 

if 

I, I f*. =0 (x) as X -> 00 (1.4) 

(iii) (Z),a,p) to the sum s, it tends to 5 asy -> 00 , 

(iv) (D,a,P) {CJ,m) to the sum s, if (y) tends to 5 asy -> 00 . 

Definition (ii) & (iii) are due respectively to Mishra and Srivastava [5] and Kwee 
[3], while (iv) is due to Mishra and Singh [6]. 

Let 


•y(^) = £a(jKv, (15) 

where a (y) is Lebesgue integrable in (0, x) for any finite x > 0. Since t4«.(t.<-i,m(.^’) 
converges for all y > 0, then it is easy to justify the differentiation under integral 

sign(J) and that 


= -(^+w)[t/„p,„,(y) 


( 1 . 6 ) 


V) 




where 


5„,n,/,»( v) = 


_ r(a + p+l) p^, p_£ 


LiL.p-r 

+1) Jo 


a-l 


r(a)r(P + l)'' •'0 (x + y) 


va+p+l 




Also we know that 
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dy 


(-\.m 




(1.7) 


r{f. + m + \) 1 
r(Or(m+l) y'^"' 


£’ (y-v)“’'v'"vfl(v)Jv. 


Before giving the justification of (1.6) we first make some remarks on (1.7). If we 
do not assume (1.5), then ,„(y) has not been defined, so that the second equation 
(1.7) is meaningless. However the first equality holds every where if f > 2 and almost 
every where if 2 > f >, 1. if we assume (1.5), then both the equations in (1.7) hold 

every where for f > 1. y> 1, the middle term in (1.7) is not defined. However, the 
equality 


.v-^5,.,„(.v) = t,„(y) 
dy 

continues to hold almost every where for 1 > /? > 0. 

In order to get a valid proof of (1.6), under the assumption that the integral 
defining converges for all y > 0, that it is necessary and sufficient for 

the convergence of (1.3), that 




ix) 


,n+2 


dx should converge 


We write 


( 1 . 8 ) 


~ Jj. 


^<-ln.ix) 


dx 


which is bounded fory > 0 and tends to zero asy -4 qo. 
Now 




f + m f'' ^m-l 

Jo ^ 


d>-ijv)dv 
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(1.9) 


Since therefore given e >0, there is number such that | 

< e for V > Mq, we also note that \R,.t „,(v) | = 0(1) for v < m,, . Hence we see from 
(1.9), on integration by parts, that 






i + m r d 


= o(K‘'^').if M-^OO 

Hence d , ,,, ( m ) = O («‘, as m -> oo (1 • 10) 




(jf + y)' 


a+fl+l 


d,„,{x)dx 


Let y > >„ to be fixed . By Lagrange's for mula, for the remainder in Taylor's series, 
we have, for i) > -y, and for all x >0 




(x + n + y)-*' (x*y) 


\a+p+l 


dx 


By Lagrange's formula, we have 
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(x+Ti+vr"’" . 


(g + p+l) (a + P + l)(a + P + 2) 




(^+v) 


for some ^ between fv+v) and (a+ r| + 3 ') (hence ^ depends on x,y, r|). Now choose 
a fixed / with 0< v'< v. Then, for ti>-( 3 ;-y) (and thus, in particular, for all 
sufficiently small T) ), we have ^ > y, 

1 , ,, , \ TI / \1 f" (ot + P + l)x” * - / \ I I 

+ ^Kn,ix)dx I 


1^ I if* n-i-, . , (a+ P + l)(a+ P + 2 ) 


^o(lri|). 


(x + y)""'’"' 


clx 


Since the integral on the right hand side converges. Hence //„ p., (y) is differentiable, and 
dy r| 


^ ^a-l 

= -(a4-p + l)J /^^'^^„.l,., a,^(jr)A. (1,12) 


We know that 


^a.p..,„(.V) = 


r(a + p + l) 


v‘-r 

JO 


,Gi-l 


r(a)r(p + l)' ix + yV*""' 

Differentiating this equation, we have 

:[(P+l)v" I 


d,(x)dx 


±v (v). T-r a . tP tM. 

dy ria)rip+l)' 


f«> X 


a-l 


(x + y) 


a+(Ul 




Jo 


x" '(a + p + 1) 


(Jf + y) 


—d,^„{x)dx] 


a+P+: 
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r(a-FP+l) 
r(a)r(p+i)^-^ Jo 


{(P+D- 


>^(a+P + l) 

(x+y) 


}a, 


r(a+p+l) 


^[/r 

r(a)r(p+l) Jo 


^a-1 


{(P+1) 


><a+P+ l) 






Hence 




ciy ' r(a)r(p +1) Jo (;t +yY 


Now, from the middle teiia of (1.6), we have 




r(a+p + l) x 


r 

+ 1) Jo 


,a-l 


r(a)r(p+i) Jo (;c+^) 


va+p+l 


{ d,_^Jx)dx ] 


(1.14) 


= -{e + m) 


r(a + P-Fl) P+, 
r(a)r(p + i) Jo (jc + j) 






r(cx-fP4*l) . j 

r(a)r(p + 1 ) ^ -fo (7T7r^ ^ ^ 


Intergrating by parts, we see that the above experession becomes 
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r(a + p + l) 


r(a)r(p+i) 

r 


VmBiI 


(.r + .y)' 

(■y + .vr^'''' oa" '-a“ (a + P +1 Ka + J’)" 


,u I 


^,Jx)dx 


r(a + p + l) p^i .v“ {a(ji: + >') - y(a + p +1)} 


r(a)r(P + l) 


r(a + p + l) 
r(a)r(p + i) 




d,ix)dx 


/i* 

Jo 




(.V+v) 


a+p+2 


{a>'-jc(P + l)}a,„,(j:)rfr 


lui r 

Jo 


.a-l 


r(a+p + i) ^ 
r(a)r(p + i)' (.v+.vr''^'' 


{x0 + l)-ay}d,^jx)dx 


the integrated term vanishing, since (1.10) holds. Since right hand side of (1.13) and 
(1.14) are the same, therefore the first equality of (1.6) follows. 

By the first equation of (1.6) 




r(a+p-fl) y 

r(a)r(p+i) 


r 


(x+yr<'^' ' dx 


{-x—d,„Xx).}dx 


r(a + p+l) 


r(a)r(p + i) 

This proves the second equalityof (1.6) 




2 . 


For any number p, used an index (exponent), and such that p > 1, we write 
<i = ^ »so that p and q are conjugate indices in the sense of Holdr's inequality. 
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i.e. —+ — = l.Morevoer, we define f/ to be if/? = 1. We use {d.e,f...\ to denote a 
P </ 

positive constant depending only on the parameters d,e,f,... not necessarily on the 
two occurrences. Inequality of the form L < c{d,e,f,....)Rare to be interpreted as 
meaning "if the expression R is finite, then the expression L is finite and satisfies 
the inequality." 

3. Known Results 

The following results we due to Mishra and Singh [6]. 

Theorem A. If f>n>l,a>0, p>-l,»i>-l,//ie« 


s{x) (D,a,p)(C,/ - 1,/w), 
whenever 5(x) -> s(Z),a,p)(C,rt - l,m). 

Theorem B. Let (.>n> O,*- > 0 and m > -1. Suppose that s (.v) is summale 

r 

to s and that dx converges, then 5 (a') is summable (D, a, P)( C, (!, m) to S. 

4. DEFINITION OF STRONG SUMMABILITY BASED ON 
(Aa,P)(C,f,m) SUMMABILITY METHODS 

Suppose that a>0,p>-l,f >,m>-l and /?>!, if 


f 


dy = oix)andx-^co 


(4.1) 


Then we say that the function s(a) summable [(Aa,P)(C,^,w]p or strongly 
summable (Z),a,P)(C,£,/n) with index p, to the sum s, if 


£ = Oix) as A -> 0 (4.2) 

then we say that the function 5 (a) is bounded [(T),a, P)(C, or strongly bounded 

(D,a,P)(C,£,/7J^ with index p. 
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When p = 1, [(A«,P)(C,/,m)]p and [Aot,p)(C,^,w)]denote the same 
method. The summability (D,a,p)(C,^-l,w) may be regarded as the case p=oo of 
summability [(D,a,P)(C,f,/M)]^ as is evident by the following equality 




We many also regard boundendness {D,a,^)(CJ-\,m) as the case p = oo of 
boundedness [(Aoi,p)(C,/- 1 ,/m)]^ . 

5. SOME ELEMENTARY RESULTS 


Theorem 5.1; If the function s (x) is summable [(Act.pXCf.wOlpto the sum s, 

where 1< p<oo,a>0,p>-/,w>-l«&^>l, then it is summable (D,a,P)(C,f,w)to 
the same sum. 

In order to prove this Theorem, we require the following Lemma. 

Lemma 5.1:Let ^ >«> 1,a >0,P>-1,/«>-!, suppose that A,,,, converges. Then 
for a given x>0. 


(/ 







dx) 


u 




A) = 


nc+m) 




r{f-n)r{n + ni) 


i: 


/‘•-(x-yj'-'C/.,,,,,.(/)<<>■ (5.1) 


where (5.1) is to be taken as including the assertion that both sides exist. This Lemma 
has been proved by Mishra and Singh [6]. 

Proof of Theorem 5.1: We observed that, if the function s(x) is 
summable[Aa,P)(C,f,w]^ to the sum s, for any p such that 1 < p < oo,then it is 
summable [£>,a,P)(Ct’,/M] to 5? We may therefore suppose that p = 1, i.e., 


£K.p.r-..jT)-^|^V = o(.r) 

Further, we may suppose that s = 0. Then replacing f by £ + l and n by n+1 in 
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Lemma 5.1 we have 




M) 


r(^+w+i) 


r(^-w)r(/i+/M+i) 


'"■'|„'.)'-U-y)'-'U„j,„(>’)rfv (5.2) 


Taking /j in (5.2), we have 


Now 

Intergrating by parts, we have 

S(£+m).r''*”[W.t)r""-'i;+(m+f-l)|'o{.v),v-'-Vv ] 


= 0 ( 1 ). 


Hence ^„,n.,.„,('^) = o(l). 

This proves Theorem 5.1. 

Theorem 5.2 ; If the funntion s{x) is summable [(D,a,P)(C,rt,/«)]^, to s, where 
p>l,i>n+ then it is summable (Aa.PJIC^-LwOtothesum 


Proof: We may evidently suppose that s = 0. By Lemma 5.1, we have 




Now 
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Applying Hoder's inequality with indices p and q, we have 


n^m-\ ,, /i+w-I 
- +l/p+ 


= o(a:°) = o(1) 

Provided that f.>n + l/ p, n>\. 

Hence ,»(•’') = ^(1) as .v->oo 

This proves Theorem 5.2 

Theorem 5.3 : Suppose that (■>],{< p<q < oo{p <coyj > n + \/ p-\/q, 
where > maybe replaced by < in the last inequality in the case, \<p, </<<»; 
or 1 =p,q= 00 . 

Then: (I) [(Z),a,p)(C/j,w.],, =>[(D,a,p)(C^,w)],, 

(II) for any s 

sup{’ '£ " - C{p,qJ,m) 

sup{j:-'£ (5.3) 

The case p = ^ = oo is given by Theorem A. 

For the proof of Theorem 5.3 wc require few Lemmas. 

Lemma 5.2 : Let 0 < p < 1, 

5(w) = — f <t)(A)r/.r 

\A} Jo 


((l)(.r) > 0) 
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and 5 = S (w) 

Then £ .x ’*'(|)(.x)</.v < 

If we take, s (vv)= o(l), as oo, then 

£'.V '^i^(x)dx = oCw)'-"* 

This Lemma is given by Mishra [4]. 

Lemma 5.3: If/(x)>o and /(.v) eL''(0,.v),p>l, and if 

I (a) •'<’ 

A ^ P 

where ^ ^ “ and 9 - , _ then /„(x) e L'{o,y) 

p J /'CX, 

and ||' i/„(a-)l"<fa|'’<C{|' {/(*)('<<*)''', 
where C = C{p,a) = C{p,q). 

This Lemma has been proved by Hady, Little wood and Polya [2]. 

We pass now to the proof of Theorem 5.3, we may evidently suppose that s = 0. 
Since Theorem 5.3 (I) is a corollary of Theorem 5.3 (II), it is sufficient ot prove 
Theorem 5.3 (II) Let i = n + y 

1 1 

Case(i): 1 </?<fl<oo and Y ^ » 

P 

_ 1 1 

Case(ii): 1 < n <0 <00 and Y ~ > 

P ^ 

1 1 

and Y > » 

P <I 


Case (iiia): \ < p<q = <x> 
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Case (iiib) 1 = »<o = 00 and Y - • 

p q 

Proof of Case (i) Let S denote the superemum on the right of (5.3) suppose that 

1,11 

q and 0 <5 <1, so that r(^-«-!)>-1 ^>i. 

By Lemma 5.1, We have 




Jo 


/(/-//-IHl- -) -8( --- *) 


" Hr " I y..i,,„,,,(r) 


{x-y) '.v 


rdy} 


. P 

Applying Holder's inequality with indices ^ _ j ’ ^ ^ and q. we have 




l£' (A-r)''‘'-'-'’.v.''•""•'I (/,,„,.,,.(r)| 'Vvl 


I '/ 




l+(>)-iS 


dyf" (by lemma 5.2) 

Hence 


(5.4) 




£1 v„.^-,,X4|’<&scs'''''£'[,v-*‘''--’'*>*”£'(A-r)'''-"-'’y' 


/'(/»»- 1 + 5)-8 
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Interchanging the order of integration, we have 
f I „(»)|'*a.-'•‘''■'I (r-.v) 


s (y. 


/ (//-f//;- I'FS 


< [V’* t/ (v)/r/v’, 

Jo “h"-'' 


<CS‘'~'’w^S''w' by Lemma. 5.2 


<CS“w 


Since 


f O' - uyyr"-^-'dy < fcy - u)" y-"" 'liy 

J\ Ju 


= u~^r(n-Fi)r(o 

r(^+«+i) 


(w > -1,M > 0,/' > 0). 


Since n+m-l>-l, we may choose 8 such that r (n+m-1+8 )>0. 
Thus by using Lemma 5.2, we have. 


sup{w''f Vjc}''" <C(p, 9 ,n,/M)sup{w 'r t/„.p,„_,.„0’)|''rfy} 

M’SO „ao ' 


I//) 


When p=\. The first factor of (5.4) is to be omitted. Similarly when q= p, the 
second brackted factor in (5.4) is to be omitted. 

This proves Case (i) 

Proof of Case (ii) 

n 111 

l</?<o<oo, 0<y--< — 

p q p 


By Lemma 5.1, we have 
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n-^ni- 1 




-Ci ■ - '(Jt-V)>1 ..(.v)| dy^Cx ') 

= C(/,+/,), say. 

Hence, by Minkowski's inequality, it is sufficient to prove that 


SUpU“'£ |/,|"rfv}" <rsup{r'£ 


I//; 


and 


\q 


sup{.v-‘f /3 Vv! <Csupl.v-'f " 


Proof of (5.5); 

Since 0 < y < l,(.t - v)’"' Increases in (0,x/2), therefore we have 

. 

Proceeding as in the case (i), we see that (5.5) is established. 

Proof of (5.6): 

Applying Lemma 5.3, we have 

ijj |/,|v>’i'» sci£,.' ,.(v)|'vvr" 

Since \ -pU/ <], therefore we can apply Lemma 5.2. Thus. 


sup{;t'£ 




"Jv}' " <C(/;,r/,/7)sup{.v- \ 


1 <b 


(5.5) 


(5.6) 
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This proves the Case (ii) 

Proof of Case (iiia) is given by Thcorem5.2 Case (iiib) is given by Theorem 5.1. 
Thus, we have completely proved Theorem 5.3. 

Theorem 5.4; The necessary and sufficient conditions for the function s (x) to be 
summable [(/),a,p])(C,/,w)]^, to 5 are that it be summable [(Aa,p])(C,/,m)]^^ to 
5 and 




00 - 


(f >l,m>-l). 


Proof. This result is analogous to Hyslop's Theorem 3 [1] on strong Cesaro 
summability. Since summability [(Aa,p])(C,/,/M)]^, implies summability 

[(Aa,P])(C/,/w)] it follows from (1.7) and Minkowski's inequality, that 
since 5 = 0 ( 1 ) asy ->oo. 


€ 




- l£ i ^ if I J,,f rfri' ' ,5.7) 


ciy 


S if + if „ (.V) -1 <'>'1' 


= o{x)'''’+o{xf" 

=oixy''’ 


This implies that I = o(.x:) 


'as x->co 


Conversely suppose that function s (jc) is summable [(D,a,p])(C,/,w)] to s and 


j' 


(x) as 


X —> (X) 


Again using (5.7), we have 
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I, ^ as 00 

This completes the proof of Theorem 5.4. 

6. RELATIVE STRENGTH BETWEEN [D,a,^)(CJ-,m]p AND [C,n,m]p 

Theorem 6.1: Suppose that 1 < /) < qo and /j > O.If the function s (x) is summable 
[C,/j,w]p to the sum s, it summable [D,a,P)(r,f,w], to the sum s for every t > 1, 
f > 1. • Wherever (D,a,p) (C, f - l,m) method is appliable. 

The proof of this theorem follows immediately from B and the chain of implications 

[C,n,m]p =>(C,n.m) => -\,m) =>[{D,a,^)iC,£,ml. for every r = > 1, 

Theorem 6.2 Suppose \ < p<oo and f > l,»i > -1, f > 5 > 0 • If the function s (x) is 
bounded [(Aa,P,)(Cf-8,/w]p and summable [D,a,p,)(Cf-8 + l,/w]p to the sum 
5, it is summable [Aot,p,)(Cf,w]^, toj 

Proof. We may suppose that 5 = 0, 0 < 8 < 1 / p. By Lemma 5.1 replacing n by f - 6 
we have 


a 




ouP,/-5-l.w/ 


iyH’ 


= Cx 


■ (f ♦«/-!) 


J. «-.'■) 


8-1 /-iS^ni I 


u, 


u.p ' 8 - 1 , 




U, 


d.p.' 8 l.;w 


(y)dy. 


= /,(.t) + /,(x), say, 

p being a fixed number such that 0 < p < 1 / 2. Let now 


S = sup{x-'£ . 


( 6 . 1 ) 






•^\(1 -P) 


We have 



72 STRONG SUMMABILITY OF FUNCTIONS BASED ON (D.a.p) (C, f.jn) SUMMABILITY METHODS 


st’ir _ (x-y)'' 

J.\{' 


/A(l-p) 




or 


Uix) 


"iCir (x-,v)“,v'*(A:-y)‘''|u.,,,.,,(>-)|rfv( 


Applying Holder's inequality with indices p and q, we have 


A(a) 


'’<C{r (jc-v)*''v 


Jy) 




^V}{f , {x-y) 'dy} 

•'v(I'p) 


r <1 




Hence 


{ A(,r)"<ir<Cp«'’-"-{ (a"'-"!' (A-vV'-'y ■''jt;,'jl'V*.!, a- 


Interchanging the order of integration, we have 

{|/,(A)|'<fc < a«'y..(.v)!''")],'' ^ (A - .v)‘-'</A 

= o''-p''(!-P)‘|>'*|c/,4,,...,..(y)|''rfv 
Applying Lemma 5.2 we have 


(since bp < l),the constant being independent of p. Replacing /' by //+1 in Lemma 
5.1, we have 
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r(X- „ (V 


{y)dy 




wc have 


= (x-y) 

Integrating by parts 


. (y)dy 


/,(.v)=c:v"f"" (s-iKv-,r -i; 

•'O ■ •! H 

.'""'('-p)' .!.v(l-p)!]+r.v.. (5-l)f"' '” (v. U 

^ |.v{l-p)j (x - yf-\Y‘-‘^*’"U ^ (v)(/v 

^ Ai( ') + /,.2(-v),(.v«v)- 

/u(v) = Cp'^'(l-p)'-«*'"t/„,,,,_,jA(l^ 

I /...(.vjI'sCp"" "(l-p)"' .'I ,„|,v(l-p)||'' 

Integration both sidess, we get 




if/> > 1 we have, by Holder's inequality with indices p and q. 
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/,,w 




Ml-P) 










[(5-2)^ + !] 


piq 




^{(tS-2)//+ll/'^'/j-p{6-2)r/^l _ jj/^/V 


[(5-2)9 + 1] 


l>l(l 


s U,f,,.,Ay) \'Y'-‘->''dyx‘'-''-‘ (since l/;r+l/tf=l) 


S Ot-'"-"*''-'r"’'" 




-=Oix'')oix) = o{l). 
If/?= 1, we have 




= 0(1), 

and so in either case £ | /, 2 (Ar)| ''dlx < c£ o{\)dx. = o{t) (6.3) 
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It follows by Minkowski's, inequality that 
limSUp {r'l^ 

<.VC(f,/«,5,p)p*(l-p)-*'"+o(l) + o(l) 

<5CV,m,6,/7)p*(l-p)-«''’ (6.4) 

Making p -> 0, it follows now that limit sup on the left of (6.4) is 0, and this complets 
the proof of Theorem. 6.2. 

Theorem 6.3: Suppose that 1 < /7<c»,a >0,p>-l.w >-!,/' > 1 and (1.5) holds. If 
the function s (x) is summable [D,a,P)(C,to the sum s, then the function x a 
(x) is summable [(Aa,P)(C,/'' + l.m)]^, to the sum 0. 

Theorem 6.4 :Suppose that \ < p< <x>,a > 0,P > -1, and (1.5) holds. If the function 
six) is summable [(D,a,p)(Cf+ l,m]p to s and xa(x) is summable 
[(D,a,P)(C,f + l,m)]^, to the.sum 0, then the function 5(x) is summable 
[(£),a,p)(C,f,m)]^ 

Theorem 6.5: Suppose that l</ 7 <oo,a> 0 ,p>-l, 5 > 0 and (1.5) holds If the 
function a’ (.v) is summable [(D,a,P)(C,f-8,m)]^ to s and the function xfl(x) is 
bounded [(£),a,p)(C, f-8,/w)]^, then the function s(x) is summable 
[(Z),a,P)(C,l-5,An)]^, to the sums. 

Proof of Theorem 6.3 follows immediately Theorem 5.4 while Theorem 5.4 follows 
directly from (1.6) and Minkowski's inequality. 

To prove Theorem 6.5, we first note that if the function six) is summable 
[(Aot,p)(C,/'-5,w)]^, then the function xa(x) is summable 

[(Aa,iP)(C,/-5 + l,/M)],,. If also the function xaix) is bounded 
[(Acx,P)(C,f-5,/«)]^,, then it is summable [(Act,p)(C,f,w)];,to 0, and since 

summability[(f>,a.P)(C f - 8, w)]pimplies summability p)(C, f,/w)]^, Theorem 

6.4 complets the proof of Theorem 6.5 
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EFFECT OF POLARIZABILITY ON NUCLEATION 
PHENOMENON DURING ICE GLACIATION DUE TO 
EXTERNAL ELECTRIC FIELD 
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ABSTRACT 

The polarizability of water vapour molecules in presence of external electric field plays an 
important role in the nucleation rate of water vapour condensation and ice glaciation. T he 
polarizability decreases with increase in the temperature and hence there is decrease in 
Ciibb’s free energy and hence nucleation rate is decreased .Thus polarizability controls the 
ice glaciation in clouds. 

Keywords and phrases: Polarization. Nucleation rate ,Gibb’s free energy. 
Critical nuclei. 


INTRODUCTION 

The polarizability plays a dominant role in inducing the electric dipole on 
water vapour molecules. The contribution to polarization of water vapour 
molecules coming from the electric field generated by the droplet dipole, which 
increases the interaction between droplet and water vapour molecules. This would 
enhance the effect described by Murino [18], but the interaction due to this 
additional factor would not be steady and hence would produce only transient 
effect. 

Ice nucleation is a fundamental cloud process. The process involved in ice 
formation is understood only in the case of homogeneous freezing of supercooled 
droplets. In contrast, ice formation caused by heterogeneous freezing nuclei at 
low temperatures are poorly understood. Karcher and Lohmann [12] considered 
theoretically the nucleation and initial growth of ice crystals in cerrus clouds at 
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low temperatures (< 235K) prevailing in the upper troposphere and in the 
tropopause region. 

Ice crystals are produced by electric fields in cloud chambers [8] caused by 
fragmentation of dendritic crystals. The nucleation of ice in supercooled water by 
electric fields has been demonstrated. Nucleation in the thin liquid filaments, which 
form during disruption of drops or during movement of drops on surfaces was 
suggested by Loeb [ 13] and by Abbas and Latham [ 1 ] as a possible mechanism. 

Nucleation as a result of distortion of drops by electric forces was reported 
[1,20,21,28]. When charged, aerosols and other surfaces coming in contact with 
drops were found to cause nucleation more readily than if no electric charge 
were present [9,21,23]. The ice formation in the atmosphere is a heterogeneous 
process initiated by ice forming nuclei [15]. 

Dufour [7] suggested that freezing could be initiated in supercooled water 
by means of an electric field. Unfortunately he gave only an insufficient description 
of his experiment so that no firm conclusions can be drawn. Dufour [7], Ran 
[22], Salt [25], Gabarashvili and Gliki [9] proposed that electro-freezing of 
supercooled water is due to dielectric polarization of water in high electric fields. 

Collins [4] inferred that the relaxation time is independent of the free energy 
of fonnation of the nucleus, but it varies as the square of the radius of the critical 
nucleus. Bartlett et al. [3], as well as Maybank and Barthakur [16] reported the 
tendency of generation of a few ice splinters during ice crystal growth in strong 
electric fields. Doolittle and Vali [6] pointed out the effect of an electric field on 
samples of water at different time temperature cycles. 

The formulation of relaxation time required for the attainment of the steady state 
concentrations of the embryos of the critical size has been discussed [4,11,19,29]. 
The scavenging of aerosol particles by hydro-meteors under external electric field has 
been discussed by Wang [30]. Sharma et al. [26] reported that the small values of 
electric field is equivalent to very high supersaturation ratio to get a nucleus of given 
size under similar conditions of temperature. 

Singh et al. [27] have shown that in the resultant electric effect on a droplet 
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due to an external electric field and the field induced due to the central dipole, 
the role of nucleation in water vapour condensation and ice glaciation is about 
hundred times more near breakdown for dry air as compared to that in absence 
of electric field. Thunderstorm electric field promote droplet growth. 

Electric field near triggered lightning channels have been measured with 
Pockels sensors. Mikki et al. [17] at the International Centre for Lightning 
Research and Testing at Camp Blanding, Florida. The vertical electric field pulse 
peaks are in the range from 176 kV/m to 1.5 MV/m (the median is 577 kV/m) 
and horizontal electric field pulse peaks are in the range from 495 kV/m to 1.2 
MV/m (the median is 821 kV/m). The vertical electric field measured very close 
to the lightning channel tends to increase with an’increase in the previous no 
current inteiwal. 

The atmospheric electric field and the electrical conductivity varies from 
place to place depending upon certain environmental factors. Deshpande and 
Kamra [5] gave the surface measurements of the atmospheric electric potential 
gradient and conductivity at Indian station, Maitri (70'* 45' 52" S, 11"44' 3" E, 
117m above mean sea level), Antarctica, from January 10 to February 24,1997. 
The diurnal variation of potential gradient averaged for 20 fair weather days is 
single periodic with maximum at 1300 UT and another secondary but distinct 
maximum at 1900 UT and a minimum at 0100 UT. The mean value or the potential 
gradient is 83 V/m and the maximum and minimum values are 1.55 and 0.73 
times the mean value, respectively. The total conductivity is 2.1X10 ''' S/m and 
does not show any significant diurnal variation. The diurnal variation of the 
potential gradient observed at Maitri is similar to the one observed a few days 
later in the southern Indian Ocean and to the one reported by Kamra et al. [ 10] 
with a few hours difference in phase in the northern Indian Ocean. 

Rust and Trapp [24] presented the first known vertical profiles of electric 
field in six winter nimbo stratus clouds in the U.S.A. The maximum magnitude of 
the vertical component of electric field in the profiles ranged from 1 to 12 kV/m, 
the maximum horizontal component ranged from 0.2 to 28 kV/m. 

Marshall and Stolzenburg [14] used a one-dimensional model to calculate 
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the electrostatic energy of several horizontally the extensive, electrified clouds. 
Model estimates of the model calculation are initiated with known charge 
distributions. Small reductions in the charge density of a region often can provide 
a relatively large amount of energy to derive a flash. Model calculations suggest 
that positive cloud-to-ground flashes that produce Q-bursts have energies of 
about 1x10“’J. Total electrostatic energy stored in two stratiform clouds of 
mesoscale convective systems were 5x10" J and 2x10'- J. These energies are 
sufficient to support hundreds or thousands of typical lightning flashes, but only 
10-100 of the energetic positive cloud-to-ground flashes with associated 
Q-bursts. 

To authors knowledge the role of effective polarizability has not been 
considered affecting nucleation rate of iee particles. In present study, we have 
evaluated the effect of polarizability on nucleation effective polarizability. We 
estimated nucleation rate cfice particles in external electric field using modified 
value of polarizability at different temperatures. Due to the effective polarizability 
, the Gibb’s free energy, nucleation rate and radius of nucleus of ice are 
found to increase. 


THEORETICAL CONSIDKRATION 

The effective or resultant polarizability may be written as 


a 


c-// 


= a-i- 


pI 

3kT 


( 1 ) 


Thus, effective polarizability varies inversely as absolute temperature of medium. 
In an external electrie field, the moment induced on a droplet is 

M = Eri^ (2) 


where, r is the radius of ice embryo (assumed spherical) and E , the electric 
field. 


The moment induced on water vapour molecule, present in the cloud is 
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A/’=a£ (3) 

where, a is the polarizability. For a we assume the value 5x 10 ■’ cnr\ observing 
that the contribution from the permanent electric dipole to polarizability is 

2 

-^ = 2.6x10 cm' 

3kT 

where,/? is the permanent dipole moment; k, the Boltzmann constant and T, the 
absolute temperature. 


HOMOGENEOUS NUCLEATION 

tv. 

In the classical models of drop condensation and ice nucleation the Gibbs function 
has been taken into consideration. However, Abraham[2] has shown that the 
Helmholtz free energy is the proper thermodynamic potential and Gibbs function 
is only its approximation. 

The Gibb’s free energy for formation of a ice embryo is given by 


AG,=--TitfAG^.+4ntY(y„^. 


(4) 


, p/?rin5 

where AG - — 

R, the universal Gas constant; 5,,, the supersaturation ratio of water vapour over 
ice surface; the molecular weight of water. 

Critical radius of ice nucleus is given by 


aAG, 

ar, 


= 0 


The radius of critical ice nucleus is 


= 2a,„M. 


/p,RT\nS,, 


( 5 ) 


The number ice molecules in a critical nucleus is given hy 
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j<l. 


n- = Anr'^PiN / 3M„, (6) 

where, p is density of ice; N, the Avogadro number. 

The energy of formation of a critical nucleus is 

AG- =4nr-^Oi,J3 (7) 

The nucleation rate of ice nuclei is 

J* = a constt.exp[-AG* / kT^ (8) 


IN PRESENCE OF EXTERNAL ELECTRIC FIELD 

Water is strongly polarizable having dipole moment 1.83x10 esu cm. In an 
external electric field, the water droplet (or embryo) rapidly increases in size. 
The expression for the rate of growth of radius of ice embryo has been derived 
as [27]. 

^ = (9) 

where, X is the mean free path; E, the external electric field; the mass of 
water vapour molecule; p,,, the density of water vapour and r- the radius of ice 

and embryo in the electric field. Integrating above equation within limits r- = 0 to 
rj* (critical radius of ice nucleus) and r = 0 to t = x (relaxation time) 


n = 


/'««.)'’/2p,. 


2/3 


( 10 ) 


Analogically, in the external field eqn. (3.32) and (3.33) for the energy of formation 
and the nucleation rate of ice nucleus, becomes 
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AG, =—r a. 


Uv 


and 


( 

J, = a constant, exp 



( 11 ) 


( 12 ) 


RESULTS 

The effective polarizability ct<.^, of water varies nearly inversely as the absolute 
temperature. The variation of with temperature has been shown in table 1. 

Table 1. : Calculated values of of water molecules with the absolute 
temperature using a = 5x10 -’ cm\ 


T(K) 

a^r^xlO-’) cm-’ 

263 

8.006 

273 

7.896 

283 

7.794 

293 

7.698 

303 

7.609 


Using eqn. (9), (10) and (11) the critieal radius of the ice nueleus r- , Gibb’s 

free energy of formation AG* and natural logarithm of nucleation rate In j] as 
the function of external electric field at relaxation time 2x10 *’ see at temperatures 
263, 273 and 283 K have been shown in Table 2. 

Calculated value of critical radius of ice, r *, Gibb’s free energy of formation 
of critical ice nucleus, AG- , and natural logarithm of nucleation rate of ice nuclei 
In J* as the function of the relaxation time at constant electric field 10 esu at 
temperatures 263, 273 and 283 K are given in Table 3. 
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Table 2. : Calculated values of r* ,AG- and In as the function of external 
electric field at x = 2 x 10 * s and temperatures 263,173 and 283 K. 


E(esu) 

a;*(x10 ’)cm 

AG,’(xl0 '■‘)erg 

iny; 

5 

T = 

18.59 

263 K 

14.48 

3.99 

10 

29.50 

36.48 

10.05 

15 

38.66 

62.63 

17.26 

5 

T = 

18.51 

273 K 

14.35 

3.81 

10 

29.38 

36.16 

9.60 

15 

38.49 

62.09 

16.48 

5 

T = 

18.43 

283 K 

14.23 

3.64 

10 

29.25 

35.85 

9.18 

15 

38.33 

61.55 

15.76 


Table 3.: Calculated values of r‘, AG] and In ./* as the function of relaxation 
time at E = 10 esu at temperatures 263, 173 and 283 K. 


T (xlO ’)sec 

/;*(xl0'’)cm 

AG‘(xl0’'^)erg 

In./; 

10 

T = 

86.27 

263 K 

30.92 

82.94 

20 

136.94 

78.58 

216.52 

30 

179.44 

134.93 

371.78 

10 

T = 

85.90 

273 K 

30.65 

82.06 

20 

136.35 

76.23 

206.79 

30 

178.67 

133.77 

355.08 

10 

T = 

85.52 

283 K 

30.10 

78.48 

20 

135.76 

73.91 

197.75 

30 

177.89 

132.61 

339.56 
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DISCUSSION 


The calculations in Table 1,2 and 3 have been made using the following constants 

P.. = 

10'^ at 10" gm cm ’ 

a = 

5.0x10--’cm’ 

P 

1.81x10-'"esu 

k 

1.38x10-"’erg K' 

X 

10-’ cm 


m^, = 3.0x10--’gm 

M = 18 

H' 

p, = 0.917 gm cm ’ 

p,„. = 100 dynes cm ' 

R = 8.317x10^ erg K-'mole-' 

= 6.025x10^’ 

A 


The effective polarizability of water varies approximately inversely as absolute 
temperature(Table 1). From Table 2 it is clear that radius decreases with increase 
in temperature. Also Gibb’s free energy decreases with increase in temperature. 


From Table 2, we see that at the given temperature, the value of 
r', AG' and \nJj are found to increase with increase in applied external electric 

field. But, at a fixed external electric field, the values of r*,AG' and In 
decrease with increase in temperature. 

For example, at electric field 10 esu, the radii are 29.50x1029.38x10 ' 
and 29.25x1 O'"' cm corresponding to the temperatures 263, 273 and 283 K, 
respectively. Similarly, at the same electric field, the critical Gibb’s free energy 
for formation of ice nucleus are 36.48x10''', 36.16xl0'\ and 35.85x10 erg at 
temperatures 263, 273 and 283 K, respectively. Similar variations are evident 

for In y*. 


Table 3 represents the calculated values of r',AGj and In7* as the function 
of relaxation time at electric field 10 esu for temperature 263, 273 and 283 K. 
These values have been found to increase with increase in relaxation time for 
given temperature. But at a given relaxation time, these value decrease with 
increase in temperature. 
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From above discussion we may conclude that the nucleation parameters; 
critical radius. Gibb’s free energy are highly decreased, while nucleation rate is 
increased with increase in temperature. Thus, the nuclei of smaller size requiring 
less Gibb's free energy are produced in large numbers i.e. nucleation rate is 
enhanced. 


CONCLUSION 

From above study, it may be concluded that the nucleation process is 
accelerated in presence of external electric field as compared with the 
homogeneous nucleation process. In clouds and thunderstorms, electric fields 
are generated due to lightning discharges. 
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ABSTRACT 

Mature Science offers a new tool of interpretation to the histrorians who is then able to 
discover new results in those original works that they have already studied. Here Kandika 3 of 
Katyiyana §ulba SDtra deals with some gemetrical figures and their transformations. 

Key Words : KSS- Katyayana §ulba Sutra, KSS-3/1 - first Verse of their Kandika of KSS. 

INTRODUCTION 

This paper aims at the conversion of area i.e. the conversion from rectangle into 
square and vice-versa; circle in to square and vice-versa of various dimensions. It focuses 

how the four sided complicated structures have been simplified in the §ulba S utra. Here 
the endeavor has also been made to highlight the method of construction and proof of each 
sutra. This paper is discussed under the following topics. 

• Extraction of a small square from large one. 

• Conversion of a Rectangle into square. 

• Transfonnation of a Lengthy rectengle in to a square. 

• Transformation ofa square in to rectangle. 

• Some triplets for areas. 

• Transformation of square in to circle and circle in to suquare. 

EXTRACTION OFA SMALL SQURE FORM LARGE ONE 

113/1 II 

This means mark the length of the side of a small square on two opposite sides ofa 
big one. Join the two points by a straight tine Fix one point of straight line as center and 
other as moving point Extend the moving point to the base of big square. Now the large 
portion of base will be side of a required square which will be remaining area after sub¬ 
tracting the small square form the large one. Thus, small square, EFGH has been extracted 
fonn the given large square ABCD 

^ Dept, of Mathematics and Statistics, Gurukui Kangri University, Hardwar. 

Dept, of Mathematics and Statistics. Kanya Gurukui Mahavidyalaya, Hardwar 
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In right-angled triangle EDE‘ 

ED2 + D^-’=E^' 

ED-+EF-=AB- (E^=AB,D^=EF) 

ED'=AB'-EF 



To Transfer a rectangle ABCD into square draw in line EF bisecting the lines AB 
and DC. Now in Sq. EBCF draw a line GH bisecting sides EB and FC. Place reel. 
GBCH at AE and we have LMEA. Now Complete a big square LNHD by adding sq. 
MNGE. 

Mathematically 

AO- = OL^-AL- (OL = LN) 

AO- = LN- - AL- 



Thus ACF represent the square AOPQ. Here square MNGE is being subtracted 
form the square LNHD to get the required square AOPQ. 
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TRANSFORMATION OF A LENGTHY RECTENGLE IN TO A SQUARE 

^ irom: ii ^/v\ 

A long rectangle ABCD is divided in to equal squares ABOL, LOPM, MPQN and one 
small rectangle DCQN. 

In fig. 2 a square will represent area of three squares (which is made on the hypotenuse of 
right angled triangle.) 

Cut an arc GT = FC in GR taking G as center. Join OT. 

In fig. 3 a square made on OT will represent the req. area of given long rectangle, 
i.e. AB' + LO^ + MP’ + NF' + FQ' = OT- 
Since AB' + LO' + MP- = OG- 
Againin a OGT 

OG- + GT- = OT- 
(GT = CF) 

(CF^ = FQ- NF-) 



Fig.1 


Fio. 3 


Hence area of required square OTUV = area of rectangle ABCD 
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TRANSFORATION OF A SQUARE IN TO RECTANGLE 

■5^?<n5TRtFgyq5?«TR, 1^' 11 3/4 11 

Divide a square by diagonal into two equal parts. Again divide one of the parts in to 

two so that we have two isosceles As 

Place these two triangles on the opposite 
comers of the adjacent sides. 

A DEC £ ABEC 
Place A BEC on A FAB. 

Similarly put A EDCon A GDA. 

GDBF is a required rectangle. 

Some examples have been shown to describe this situation by Acarya Katyayana 
According to Acirya Katyayana four sidea figure (quadrilateral) can be converted in to 
rectangle by substituting and eliminating some area. The figure may be divided in to small 
square then converted in to rectangle. Where the required figure (which is rectangle) do 
not come in to existence there only it is divided in to squares, for example in figure 1. 





SOME TRIPLETS FOR AREA 


WT ii 3/5 ii 

Unless or untill there is specific direction of unit, a square unit is to be accepted. If 
there is some specific direction then only act accordingly. 


ft tmtwn firaniM 

tntFm N)55fi*<uD ii 3/611 

As much the length so much squared area will be got, because same digits will be 
multipi led with each other. If measure of unit is two then its area w ill be four unit of square. 
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Iftliree then nine, if four then 16 and so on. Thus this is a little told about area, 
wqi qrERRqRRft 

qqf qqfq! ii 3/7 ii 

As many units of measure in a chord so many squares of those units will be. Add all 
those squares then area will be got. If two units of measure taken, four squares will be 
fomied for area (2x2 = 4). If five units are there then 25 squares wil be formed (5x5 = 
25). Similarly other can be produced. 

sTthtHPiiH ii 3/8 ii 

But when half measure is taken then what will square of that space be ? If half the 
measure is squared it is fourth part of complete spare (1 /2)- = 1 /4. If the measure is 24 
units. Itshalfis 12 Squareof24 is576and thatof 12 is 144. Thus 144 is one fourthof 
576. This way for other units of measure can be applied. 

c 

G 

0 




Example 

Let us take ABCD whose measures is 24 x 24 sq. units. JKLM is a small square 
whose measure is 144 sq. units and this is fourth part ofthe square made by ABCD which 
is also equal to EBGF. 

qqqfs?!: II 3/9 II 

The square formed by one third the length of given measure is ninth part of total area 
ofthe given measure of unit. e.g. MP is given: 3 unit of measure, its tliird part is taken and 
square EFGH is completed. Now MNOP square is being completed and we see that 
PQRS is ninth part of MNOP. Area of this part PQRS is same as that of EFGH. 
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N 


II 


E 


0 

F 


■513^ ^ II3/10 II 

Area of the sqare which is one fourth of the length of a measure is sixteenth part of 
the square formed by full length of a measure. How can this area be separately deducted 
(niihavasa). 

[Consult Kss 3/1]. 



0 


N 


I* 


S 


l" 

R 


!itWI3<W’ 113/11 II 

To deduct fourth part from 2 units of measure, ninth part from 3 units of measure, 
sixteenth part from 4 units of measure of side and so on, is already explained. 
m<lrtlH|U(l ?;fyi'H'Nrd II 3/12 II 

Deduction and entaiganait are made according to unit length of the chord. If lenght of 
chord is nine unit then its third part can be deducted. Similarly fourth part from sixteen units. 
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TRANSFORMATION OF SQUARE INTO CIRCLE & VICE-VERSA 

vrafil ^ II 3/13 II 

Transform ABCD square into a circle. Draw diagonal AC,BD from angle A and 
angle D. E is their meetting point, cut half of AB at F cut off on arc EG=FB from E. Divide 
GB into three parts GH. HI, IB. Now leave two parts and with centre EH draw a circle 
whose area will be equal to that square (for details see 2,p.65). 



11 3/1411 


To convert a circle into square divide diameter into 15 parts. 
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Give up two parts out of them. With the help of remaining chord which is of 13 parts, draw 
a square. Now area of a square will be equal to that of the given circle (fordctails see 2, P 
65). 

After discussing the varous §utras composed by Katyayana regarding the 
conversion of area it is concluded that in vedic age, there were various figures of di fterent 
dimensions. It is also mentioned that in those days the device of dealing with the mathematical 
problems were very much in practice. 
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ABSTRACT 

It is proved that a pair of reciprocally continuous and non-vacuously compatible single-valued 
and multivalued maps on metric spaces possesses a coincidence. This result is applied to obtain new 
general coincidence and fixed point theorems for single-valued and multivalued maps in metric spaces 
under tight minimal conditions 
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Keywords and phrases: Coincidence point, fixed point, hybrid maps, reciprocally continuous, 
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INTRODUCTION 

The notion of compatible maps, introduced by G. Jungck [7] (also called 
asymptotically commuting maps, cf. [24]) has proved useful for generalizing known 
results in the context of metric fixed point theory for continuous single-valued and 
multivalued maps (see, for instance, [1] - [2], [4], (7J, [8], (11], [16], and [22]). 

Recently, reciprocal continuity for a pair of (discontinuous) single-valued maps (resp. 
hybrid pair of maps) has been introduced in [16] (resp. [21]). 

In this paper we obtain coincidence and fixed point theorems for a hybrid quadruple 
of maps on a metric space satisfying very general contractive type conditions which 
include several general conditions studied by Beg and Azam [1], Ciri6 [3], Jungck [8], 
Kaneko [10], [11], Kaneko and Sessa [12], Lohani and Badshah [13], Rhoades et al. 
[17], Tan and Minh [23] and others. 
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PRELIMINARIES 

Consistent with [1], [14], [15] and [20], we will use the following notations, 
where (X, d) is a metric space and CL(X) is a collection of all nonempty closed 
subsets of X. Further, d(A, 6) denotes the ordinary distance between nonempty 
subsets of A and B of X, while d{x, B) stands for d{A, B) when A = {x}. The distance 
function H is called the generalized Hausdorff metric for CL(X) induced by the 
metric d of X. 

Definition 2.1 (Singh and Mishra [21]). The maps T:X CL{X) and 

/: X -> X are reciprocally continuous (r. c.) on X (resp. at f e X) if and only if 

fTxe CL{X) for each x e X {rasp. fTte CL{X)) and lim fTxn = fM, lim TfXn = Tt 

whenever {Xn} is a sequence in X such that 

lim TXn * M 6 CL{X), lim fXn- t e M. 


For self-maps /, g: X X, this definition due to Pant [16] reads: / and g 
are r.c if and only if lim gfXn = gt and lim fgxn = ft whenever {Xn} c X is such that 

limgXffS lim/Xn = f € X. Clearly any continuous pair is reciprocally continuous but 

/f-♦aO 

the converse is not true (Singh and Mishra [21, Example 2.3]). We remark that 
reciprocally continuous maps may be discontinuous even at their common fixed 
points (see [21]). For continuity of multivalued maps at their fixed and common 
fixed points, refer to [5]. 

The following definition is due to Kaneko and Sessa [12] and Beg and 
Azam [1] when T;X->C8(X). 
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Definition 2.2 (Singh and Mishra [21]). The maps T: X CL(X) and /: X -> X 
are compatible if and only if fTx e CL(X) for each x e X and Hm H{TfXn, fTx„) = 0, 

whenever {Xn} is a sequence in X such that 

lim Tx„, s Me CL{X) and Iim/Xn= t e M. 

n—¥ao n—>a0 


Evidently commuting maps T. / (i.e., when fTx = Tfx, x e X) are 
weakly commuting (i.e., H{Tfx, fix) ^ d{fx, Tx), x e X, [10] and [19]), weakly 
commuting maps are compatible, and compatible T, / are weakly compatible (i.e., 
when fTx = Tfx, whenever fx e Tx, see Jungck and Rhoades [9]), but the reverse 
implication is not true. For excellent discussion on the role of weak compatibility in 
fixed point considerations, refer to Jungck and Rhoades [op. cit.]. 

Definition 2.3 (Itoh and Takahashi [10]). The maps T: X -> CL(X) and 

/; X X are (IT)-commuting at a point v e X if fTv c Tfv (cf. [21, page 629]). 

Remark 2.4. 

(i) (IT)-commutativity of a hybrid pair (T, f) at a point v is more general than its 

compatibility (cf. [21, Example 1]) and weak compatibility at the point v. 

(ii) Continuous and commuting pair of hybrid maps (T, /) of a complete metric 
space need not have a coincidence; for example Tx = {1 + x} and 

/x = x, X e[0, 00 ), (see [21]). 

(iii) The nonvacuous compatibility of T and / implies the existence of at least a 
sequence {x„} in X such that 

lim TXn = M e CL{X) and lim fx„ = te X). For details see [21]. 
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MAIN RESULTS 

The following is the main result. In all that follows, C(S, iA) stands for the 
collection of coincidence points of S and A, that is, C(S, A) = {v;' Sv e ^i^}. 

Theorem 3.1. Let (X, d) be a metric space and A/: X -> CL{X), i» 1, 2,... 
and S, T; X -> X such that 

(i) AiX <zTX and the pair (iA, S) is reciprocally continuous and 
nonvacuousiy compatible, 

(ii) H{AiX, Aiy) < (mn{x. y)), i > 1 and x, y e X when m,i(x, y) > 0, 
where (m,Xx, y)) = max {d{Sx, Aix), d{Ty, A/y), d{Sx. Aiy), 

d(Ty.Aix),d{Sx. Ty)}. 

Then C(S, Ai) and (7, A,) are nonempty. Further, 

(I) S and Ai have a common fixed point Su, provided SSu = Su for 
some u € C(S, Ai)-, 

(II) 7 and A/ have a common fixed point 7w, provided TTw = Tw and 7, A/are 
(IT)-commuting at w e C(7, A): 

(III) S, 7, A and A, have a common fixed point, provided (i) and (ii) both 
are true. 

Proof. Since Ai and S are nonvacuousiy compatible, there exist a sequence {xn} 
in X such that lim Aix„ -Me CL{Xi and lim Sx„ - u e M and 

n-*€o »-*«o 

lmH(AiSxn, SAiXn) * 0. This, in view of r. c. of Ai and S, yields HiAiU, SM) = 0, 

/I-POO 

and Aiu - SM. Now u e M implies Su e Aiu. Therefore C(S, Ai) is nonempty. 
Since AiX c TX, there exists a point w e X such that Su=Tw e Aiu. 

\fA,w* 7w, then 
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d{Tw, AiW) < H{AiU, AiW) < max {d(So, Aiu), d{Tw. A/w), d{Tw, Aiu), 

d{Su, Aiw), d{Tw, So)} 

= d{Tw, AjW), 

a contradiction. This implies that Tw e AiW, and C{T, Ai) is nonempty. 

Further, So = SSu and the (IT)-commutativity of A and S at o e C(S, A) imply that 
So e SAiu = AiSu. So So is a common fixed point of A and S. 

The proof of (II) is similar, and (III) is immediate. 


Corollary 3.2. Let (X, d) be a metric space. A, B: X ->■ CL{X) and S, T: X X 

such that 

(iii) AX <z TX and the pair (S, A) is reciprocally continuous and nonvacuousiy 
compatible; 

(iv) H{Ax, By) ^ q(iW(x, y)) for each x, y in X and q e (0,1), where 
M{x, y) = max {d(Sx, -Ax), d(Ty, By), d(Sx, By), d(Ty, Sx), d(Sx, Ty)}. 

Then C(S, A) and C(T, B) are nonempty. Further, 

(la) S and A have a common fixed point So, provided SSu =■ Su for some 
o e (S, A): 

(lla) T and B have a common fixed point Tw, provided TTw = Tw and T, B are 
(IT)-commuting at w e C(T, B); 

(Ilia) S, T, A and B have a common fixed point, provided (la), and (lla) both are 
true. 

Proof, it may be completed following the proof of Theorem 3.1. 
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We remark that Theorem 3.1 with alt maps single-valued presents a 
generalization of the main result of Pant [16, page 148]. Further, the above results 
extend some of the results of Singh and Kumar [18] to a quadruplet of hybrid 
maps. 


Theorem 3.3. Corollary 3.2 with (iv) replaced by following ; 

(v) H(Ax, By) < L(x, y) for all x, y in X when L(x, y) > 0, where 


ax,y) 


ad(Ty,By)[\ + d(Sx,Ax)] 
l + d(Sx,Ty) 


+ p [ d(Ty, By) + (Sx, Ax)J 


+ y[d(Sx,By) + d(Ty,Ax)]+ <5d(Sx,Ty), 


where a, , r, ^ S Oand a + /S + 2y^S < 1. 


Proof, it may be completed following the proof of Theorem 3.1. 

Remark 3.4. Theorem 3.3 generalizes a result of Lohani and Badshah [13] and 
others. 
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ABSTRACT 

Ihe purpose of this paper is to obtain coincidence and fixed point theorems ftir a pair of hybrid 
contracting maps. 
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1. INTRODUCTION 

Consistent with [I], [4], [11], [16], [18], [20] and [23], we will use 
the following notations, where {X, t/) is a metric space. Let CL{X) denote 
the collection of all nonempty closed subsets of X. The distance function 
U on CL{X) is called the generalized Hausdorff metric induced by the 
metric d of X. Further, let d{A^ B) denote the ordinary distance between 
nonempty subsets A and B of X, while d{A, x) stands for d(A, B) when B 
is the singleton {x}. 

Let T:X-> CL(X) be a multivalued map and f:X-^Xst single 
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-valued map. Consider the following condition essentially due to Singh 
and Kulshrestha [21]. 

H{Tx. Ty) <, q.max. [d{fic,fy\ d{fx, Tx), (fy, Ty\ 

[d(Jx, Ty) + d(^, Tx)]/2} (SK) 

for all x,yeX, where q e (0,1). 

We remark that (SK) with / = the identity map on X is (kind’s 
generalized multivalued contraction ((!!iri6 [4]), which in turn includes the 
well-known Nadler multivalued contraction (Nadler, Jr. [16], see also [1], 
[4], [9]-[13], [15], [23] [25]). 

The study of hybrid contracting maps involving single-valued and 
multivalued maps on metric spaces was initiated independently by 
Bhaskaran and Subrahmanyam [2], Hadiid [5], Kaneko [9], Kubiak [15], 
Naimpally [17] er al. and Singh and Kulshrestha [21]. (Here, according to 
Singh and Mishra [22], “hybrid contracting maps” means a pair of hybrid 
contraction or nonexpansive or contractive). Indeed, Singh and 
Kulshrestha [op. cU.\ (see also [12], [19] and [22]) showed that T and / 
satisfying TXX) (SK) have a coincidence, that is, there exists a 

point z e X such that fz e.Tz whenX^ is a complete subspace of X This 
result is obviously true when, instead ofX20» HA) is a complete subspace 
oiX. For an immediate excellent generalization of this result one may 
refer to Rhoades et al. [18]. 
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In all that follows, f is an arbitrary nonempty set and (X, d) a 
metric space. Following Liu et al. [14], Singh and Mishra [23] and Tan 
ct al. [26], we shall consider the following condition foTf:Y-^X and 
T : Y-^CL(X). 

H\Tx,Ty)<.qMx,y), (1.1) 

where ^ e (0, 1) and 

m(jr, y) : = max 75c), Ty), 

Ty) + <«jy, Tx)y2. <m, Tlc^dO)-. 7», 
d(Jx, Tx).[d(Jx, Ty) + m. <«Jy, Ty).[m, Ty) 

+ dOjc. 75c)]/2, m, Ty)4(Jy, Tx)). 

Our main result is under the condition (1.1) (cf. Theorem 3). 
Following Rhoades et al. [18], we present generalized versions of this 
result as well. 


2. RESULTS 

DEFINITION 1. (Itoh and Takahashi [6], see also Singh and Mishra 
(24, p. 488]). Let T be a nonempty set, f:Y->Y and T : Y 2^, the 
collection of all nonempty subsets of Y. Then the hybrid pair (T,/) is IT- 
commuting at x e K if fPx c Tfic for each x e F. (This fcMmuiation in [25] 
is correct with the interchange of symbols for single>valued and 
mutivalued maps). 



108 


Coincidence and fixed points theorems ... 


We shall need the following result, which is a minor variant of a 
lemma due to Ciri6 [4]. 

LEMMA 2. Let A, B e CL{X). Then for an x € .<4 and for some q and k 
in (0, 1), there exists 2 iy e B such that 

THEOREM 3. Let The an arbitrary nonempty set and {X, d) a metric 
space. Let r: T -► CLiX) and/: T A' be such that T(Y) ^f(Y) and 
(1.1) holds for all x,ye Y. If 7(f) or^f) is a complete subspace of X 
then T and / have a coincidence. Indeed, for any xq e f, there exists a 
sequence {x„} in Y such that 

(I) € 7>„,n = 0, 1, 2, ...; 

(II) {fic„} converges to fa for some z e T, and fz e Tz, 
that is, T and/ have a coincidence at z; and 

(III) d0i„Jz) S [P '/(l-p)].d(;ifcji,), where |J = + V(1 + 

for some k e (0, 1), 

Further, if K=and the pair {T, f) is IT-commuting at z then T and/ 
have a common fixed point provided that =jz. 

PROOF. Pick a point xq in Y. Let A: be a positive number such that A: < 1. 
Following Sing^ and Kulshrestha [21] (see also [12]), we construct 
sequences {x„} c Y and {fan} Q A' in the following manner. 
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Since J\Y) we may choose a point Xi e Y such that 
fiCi e Txq. If Txo = Tx\ then X\ = z is a coincidence point of T and/ and 
we are done. So assume that Txq *■ Txx and choose x^bY such that 
fici e Tx\ and, by Lemma 2, 

rfiTic^ TV,). 

If Tx\ = Tx 2 j then X 2 becomes a coincidence point of T and f. If not, 
continue the process. In general, if 75c„ * we choose e 
such that 

<^(/5Cn+l./f«+2) ^ q*H\TXn, TXn^x). 

Then by (1.1), 

d^{fXn^\,JXn^l) ^ q*H\TXn,TXnH) 

^ ^‘■*max fXnir\).d{fic„, TXn\ d{fic„,fiCn^x).d{fx,^x, TXn^x\ 

d{fXm fi^n^\)’\d{JXfi2 TXff^x) d(Jx,f^-xy 7Xi)]/2, dfficny TXf^.d{JXffy-Xy 

d{fa„y Tx„)\<HfiCn, TXn^x) + TXn)]l2y d{fx„^Xy TXn^\)\d{fiCny TXn^x) 

^cUfan^X. Tx„)]l2y d(jx„, TXn^X’dijXn^x, TXn)). 

For the sake of simplicity, let d„ : = d(fa„,ficn^xy 

Then the above inequality, after simplification, reduces to 

(t, X S max {d , dr^n^Xy dn[d„ + dn^xV2y dn^x[dn + <4r+i]/2}. (3.1) 

We remark that in the construction of sequences fff^ {frn)y 
x„ (&ft Dliteh n) is not a coincidence point of T and f. This together with ' 
Tx„ # 7k«+i means that fic„ * JXn^x- Indeed, if at any stagR/c„ =/^i then 
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Jx„ e Txn^ and is a coincidence point of T and f. Therefore, according 
to our construction of the sequences, dn ^ 0. Hence the inequality (3.1) 
implies one of the following; 

dl^x , where X = ; 

dff^.\ ^ X dfi\ 

d^x ^ [X/4 + V(XVl6 + X/2)K; 
d^x ^ [X/(2 - X)]d„. 

Consequently, 

d,^i ^ max {VX, X, [X/4 + V (XVl6 + X/2)], [X/ (2 - X)]} d^. 

This gives ^ when p = [X/4 + V(XVl6 + X/2)]. Notice that 
0 < P < 1. Hence {fic„} is a Cauchy sequence. 

Now lety(J0 ® complete subspace of Y. Then the sequence {fx„} 
has a limitXf)- Call it b. Hence there exists a point z e F such that fz = b. 
Since d{fa^ Tz) < d(fz,fx„^.x) + H{Txn, Tz\ applying (1.1) to the last term of 
this inequality and making n oo, the inequality gives 
d(fz, Tz) ^ ‘^q.dife^ Tz\ and fz e Tz, since Vg' < 1 and Tz is closed. This 
argument applies to the case when 7XY) is a complete subspace of F, since 
KY) qAY). 

This proves (I) and (11). To see (III), \e^m>n. Then, 

Am) ^ difiCn, fan^x) + . . . + d{fic„^x.fic„) 

^(P" + p'^‘ + ... + p-‘).fli(Ao, Ai) 
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<P7(l-P).fi^(Ao, Ai). 

Making m -► qo, we get (III). 

Let \\i = {<!>: Rt -> Rf I <|> is upper semicontinuous and 
nondecreasing}. Then, in view of the proof of theorem 3 (above) and 
Rhoades et al. [18, Theorem 1], we have two generalizations of Theorem 3. 
We shall need the following definitions. 

The following three definitions are due to Rhoades et al. [18] 
when Y = X. 

DEFIl^ITION 4. Let Tbe an arbitrary nonempty set and (X,d) a metric 
space. If for a point Xq e Y there exists a sequence {x„} in Y such that 
Tx„, n = 0,1, 2,..., then 0(TJ; Xq) := n = 1,2,...} is the 

1 

orbit for (T, f) at xo. Further 0(T, f ; Xo) is called a regular orbit for 
{T. /) if for each n, 

d{fiCnM,Jx,^ 2 ) ^ H(Tx^ Tx„^l). 


We remark thqt the symbol for the orbit 0{Tt f ; xq) is sometimes 
used for a sequence. 

t 

DEFINITION 5. A subspace T{Y) or j{Y) is called {T, y)-orbitally 
complete if every Ca.uchy sequence of the form e 7k„. ^ } 

converges in X, where {x«} is a sequence in Y. 
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DEFINITION 6. If, for a point Xo e K, there exists a sequence in Y 
such that the sequence 0(Tj f ; Xo) converges in X then ATis called 
(r, y)-orbitaIly complete with respect to x© or simply iT,f, xo)-orbitally 
complete. Further, an orbit (XT^ /; x©) is said to be asymptotically regular 
if limn-** = 0, where/icn are from CXJ, /; x©). 

THEOREM 7. Let F be a nonempty set and (X, d) a metric space, 
r : F-► CL{X) and/: FX such that J\Y) ^j{Y) and the following 
hold: 

(TV, 7» ^ <Km(x. y)) for all x, y e F; (7.1) 

<|)(t) < qt for each r>0, (7.2) 

for some q e (0, 1) and <|> € \^. 

If T(Y) or J[Y) is a complete subspace of X then T and f have a 
coincidence point z (say). Further if F = and the pair {T, f) are IT- 
commuting at z then T and/ have a fixed point provided that ffz =fz. 

THEOREM 8. Let F be a nonempty set, {X, d) a metric space, 
r: F-^ CUX) and/: F-^ Fsuch that 

l^(Tx,Ty)£,^mx.y)\ ( 8 . 1 ) 

where 

M(x, y) ■.= ^.max 7i), dOx,Jy)jXfy, Ty), 

Ty). d(fic,fy)jifjy, Tx). (KJx, Tx)xKjy, Ty). 
d(fic. Tx).afi. Ty). cUfx. Txydtfy. Tx). d(fy. Ty).d(Jx. Ty). 
dlfy. Ty).d(fi>. Tx). cKfic. Ty).(«fy. 7i)>. 
for all X, y e F. 
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•KO < t for each / > 0, ij) e \|/. (8.2) 

If, for some Xo € Y, there exists a sequence {x^} c X such that the orbit 
C){T,f\ xo) is regular and asymptotically regular, and T{X) orfiX) is 
(XT ,/; xo)-orbitally complete, then T and/have a coincidence. Further, 
if y = A' and the pair (r, /) is IT-commuting just at a coincidence point 
z (say) and -fa, then^ is a common fixed point of T and/ 

We remark that the completeness requirement in Theorem 3 may 
evidently be replaced by orbital completeness. Further, for the existence 
of a common fixed point of T and / the requirement ffz = fa can not be 
dropped from the above theorems (see, for instance, [17], [21], [22, page 
194-195] and [24]). This means that, under either of the above theorems 
with y=A, a coincidence point of T and/need not be their fixed point. 
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